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Abstract: Electrically as well as magnetically charged states are constructed in the 2+1- 
dimensional Euclidean Zjv-Higgs lattice gauge model, the former following ideas of Eredenhagen 
and Marcu [1] and the latter using duality transformations on the algebra of observables. The 
existence of electrically and of magnetically charged particles is also established. With this work 
we prepare the ground for the constructive study of anyonic statistics of multiparticle scattering 
OS states of electrically and magnetically charged particles in this model. 
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1 Introduction. 

The study of the statistics of particles and fields in low dimensional Quantum Field Theory became 
one of the most fruitful lines of research of the last few years, in part due to some physically and 
mathematically appealing connections, like those to the Quantum Hall effect, to the so called ex- 
actly integrable models, to the theory of the "Quantum Groups" and to the so called "Topological 
Quantum Field Theories". The emergence of non-trivial, i.e., non-bosonic and non-fermionic, sta- 
tistics in two and three space-time dimensions has been already described in the general framework 
of the Algebraic Quantum Field Theory [2]. 

In the work started with the present paper we intend to exhibit in a purely constructive way 
the emergence of non-trivial statistics in a (2-|-I)-dimensional quantum spin system, namely in a 
self-dual Zjv-Higgs lattice gauge field theory with a dynamics defined through the transfer ma- 
trix formalism. The vacuum expectations in this theory are given by classical expectations of an 
(Fuclidean) statistical mechanics model with an action given by a generalized Wilson action: 

- E {^dAip)^ -^i:i:Mn)cos - , (I.I) 

where (p and A are Zjy- valued Higgs fields, respectively gauge fields, taking values in {0, . . . , A^ — I}. 
l3g and jS^ are the gauge and Higgs coupling constants. They will be chosen to satisfy fig{n) = 
fig{N — n), l3fi[n) = fih{N — n). We will be mostly interested in the so called "free charges phase" of 
this model, corresponding to "large" positive values of all the {/3p(I), . . . ,fig{N — I)} and "small" 
positive values of all the {/3/i(I), . . . ^ /3h{N — I)}'*. In this region convergent polymer and cluster 
expansions are available and are analyzed in detail here. Other phases like the "confinement" 
and the "Higgs" phase may also exist, but we will not consider them since no charged states are 
expected there. See [I] for a study of these phases in the Z2 case. 

In [I] Fredenhagen and Marcu have shown the existence of electrically charged states in the 
phase of "free charges" of the Z2-Higgs gauge model in three or more space time dimensions. 
Subsequently, the existence of electrically charged particles in this model was established in [3]. 
Multiparticle scattering states were constructed in [4], combining the methods of [I] with a general 
analysis of particle scattering in Fuclidean lattice field theories given in [5]. 

In three space-time dimensions Zjy-Higgs models are well known to enjoy self-duality properties 
[6, 7]. This suggests that there should exist magnetically charged states as well. For the Z2-model, 
this has been established in [8], where also a dyonic state (i.e. electrically arw/ magnetically charged) 
has been constructed. 

In the present work we extend these results to general Zjy-Higgs models. In the above mentioned 
region of parameter space we construct electrically charged states with Zjy-charges n = 1, . . . , A^— 1 
in three or more space-time dimensions, following the lines of [1]. For the (2 -|- l)-dimensional case 
we then give a detailed discussion of algebraic duality transformations, which in many aspects 
appear to be more subtle than the corresponding Fuclidean Lattice formulation [6, 7]. The reason 
for this lies on the fact that there are two choices for defining transfer matrices from the Fuclidean 

■*The values of l3g(0) and /3ft (0) only determine additive constants to the action, which will be fixed by convenient 
normalization conditions. 
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actions. This corresponds to the fact that in the Osterwalder-Schrader reconstruction one may use 
reflection positivity for time reflections across spatial planes of either the original lattice or of the 
dual lattice. Correspondingly, the algebraic version of duality transformations maps one choice of 
the Euclidean dynamics onto the other. 

Among other results we are able to show that the global transfer matrices associated to dual 
states are unitarily equivalent. We then use these results to prove that there is an isomorphism 
between the model at parameters jSh) and the dual model at the dual parameters 
mapping electric states onto magnetic ones and vice- versa. We flnally construct unitary generators 
of the translation group and prove the existence of electrically (and therefore, in 2 + 1 space-time 
dimensions, also of magnetically) charged particles. 

In a forthcoming paper [9] we will construct the dyonic sectors of this model, i.e., sectors where 
electric and magnetic charge distributions are simultaneously present. There translation invariant 
global transfer matrices will be constructed and the existence of a unitary representation of the 
translation group, a question which is much more subtle in the dyonic case, will be analyzed. 
No trace of the existence of dyonic particles, i.e., of particles carrying simultaneously electric and 
magnetic charges, was found and it remains an open problem to prove or to disprove their existence. 

Our ultimate goal is to show the emergence of anyonic statistics in this model. Since no 
method is available for constructing flelds generating the various sectors mentioned above, in [9] 
we will address the question of the statistics through the analysis of multiparticle scattering states 
of electrically and magnetically charged particles, whose existence will be proven in the present 
article. 

For the orientation of the reader we describe now the organization of the work. Section 2 is 
devoted to the description of the Zjv-Higgs gauge model as a quantum spin system. The algebras of 
flelds and of observables are deflned, local transfer matrices are introduced as well as the important 
concept of a ground state. In section 3 we describe how to use the transfer matrix formalism in 
order to reconstruct the classical (Euclidean) vacuum expectations. In section 4 we develop polymer 
and cluster expansions for classical expectations in the so called free charges phase, combining high 
and low temperature expansions. A full convergence proof is given in appendix A. In section 5 
we resume our algebraic analysis and consider duality transformations from the algebraic point 
of view. Eour different types of ground states related by duality transformations are presented. 
Global transfer matrices are deflned for each of these states and their interplay is discussed. One 
shows in a precise sense that duality transformations keep the joint spectrum of the transfer matrix 
and momentum operator invariant. Section 6 is devoted to the construction of electrically and of 
magnetically charged states. The flrst following [1] the latter using duality transformations. This 
method provides a natural frame for further analyses, specially concerning the relationship between 
transfer matrices in magnetically and electrically charged sectors and concerning the structure of 
charged particles. In this section we also establish that our charged states are ground states with 
respect to certain automorphisms generated by modifled transfer matrices, a fact which will be 
of relevance for our future construction of dyonic states. In section 7 we deflne global transfer 
matrices for the charged sectors and analyze the relationship between then, and in section 8 the 
translation invariance of these global transfer matrices is established. We prove that, due to the 
duality transformations, the existence of electric particles implies the existence of magnetic ones 
with masses related by dually transformed couplings. In section 9 the existence of electrically and 
of magnetically charged particles is directly established through the analysis of suitably deflned 
two point functions. In the other appendices we complete some important proofs. 

Remarks on the notation. The symbol □ indicates end of statement and I end of proof. Products 
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of operators run from the left to the right, i.e., Yl2=i means Ai • • • A„. For an invertible operator 
i?, ads is the automorphism B ■ . Z denotes the set of all functions {0, . . . , — 1} — )• C □ 

Acknowledgments. We which to express our gratitude to Klaus Fredenhagen and Frank Gaebler, 
whom we are indebted for many valuable and stimulating discussions. 
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2 Basic Setting and Algebraic Formulation. 

In this paper we use the well known transfer matrix formalism to represent the Euclidean lattice 
Zjv-Higgs model [N G N, > 2) as a d-dimensional quantum spin system, rather than a (d+1)- 
dimensional classical statistical system. This brings us closer to quantum field theories where 
relevant quantities are described in terms of operators and states. Here the dynamics is described 
by a transfer matrix, which has to be interpreted as the generator of time translations by one 
unit in imaginary time direction. In a first step transfer matrices can only be properly defined 
at finite volume. The associated ground state is a ground state for a finite volume system but, 
if its thermodynamic limit exists, one can use the GNS construction associated to the limit state 
to define a global (infinite volume) transfer matrix, in a fashion first proposed in [1]. Translation 
invariance of the limit state also provides a way for defining generators of space translations in this 
GNS Hilbert space, thus making the analogy with quantum field theoretical systems even more 
appealing. In this work we build up these structures for neutral and charged states associated to 
the Zjv-Higgs model and study some of their properties. We now start by describing our quantum 
spin system. 

We will consider the hypercubic Euclidean space-time lattice with d > 2 and particularly 

the case J = 2, where our main results hold. Eor simplicity we will fix the lattice spacing as a = 1. 
We denote by li the set of z-cells of with the identification Iq = li is the set of oriented 

bonds associated to Z''"'"^, I2 the set of oriented plaquettes, etc. The quantum spin system is defined 
on a Z'^ lattice, the time-zero hyperplane. In our notation the elements of Z'', its cells or subsets 
are usually underlined. 

We introduce the local algebra of time-zero Higgs and gauge fields in the following way. To 
each X G lo we associate the unitary Zjy-fields Ph{x) and Qh{x) and to each b ^ we associate 
the unitary Zjy-fields Poih) and Qoih) (the subscripts G and H stand for "gauge" and "Higgs" 
respectively) satisfying the relations: 





= Ph{x)-' = PH{xf-\ 


(2.1) 


Qh{x)* 


= Qh{x)-' = QH{xf-\ 


(2.2) 




= Poib)-' = PG{bf-\ 


(2.3) 




= Qoib)-' = QG{bf-\ 


(2.4) 



and the Zjv Weyl-algebra relations 

PhHQh{/3) = e-'^^"^^h'>QH{/3)PHH, (2.5) 

Pg{7)Qg{S) = e-'^'^^''h^QrAS)PG{7), (2.6) 

where a, (3 (^f: /q ^ {0, . . . iV - 1} are 0-forms with finite support; 7, 8 G/^: li — > {0,...A^ — 1} 
are 1-forms with finite support and Ph{ol) := Yi^^i^ Ph{x)"^~\ etc. The brackets (•, •) indicate the 
scalar product of forms. We also convention that Ph{—x) = Ph{x)~^^ etc, where here —x indicates 
the cell X with reverse orientation. Operators at different sites and bonds commute. Einally the G 
operators commute with the H operators. 

We will generally define [6QH][a) := Quida), [^*Pg\{P) '■= Paid* fi), etc, where J is the exterior 
derivative on forms. 

We will realize these operators by attaching to each lattice point and to each lattice bond a 
Hilbert space 'Hx_ = ^6 = with each Qh{xL)-, Ph{xL)-, Qg{Il) and Paill) acting on respectively 
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on 7ib_ as matrices with matrix elements: 

PH{x)a,b = PG{b)a,b = K,b+i{modN) ^nd (2.7) 

QHix)a,b = QGi!})a,b = S^^.c'^^ (2.8) 

for a, 6g {0,...,iV- 1}. 

One should interpret the operators Qh and Qg as the Zjv versions of the Higgs field and gauge 
field, respectively: Qh{x) = e'^''^^-\ Qg{x) = e^^^-\ with (p and A taking values in {0, ... , A^ — 1}. 
The operators Ph and Pq are their respective canonically conjugated momenta, in Zjv version. 

We denote by the *-algebra generated by these operators together with a unit U. Denoting 
by diY_) the C*-subalgebra generated by U, Qh{xL)-, Ph{xL)-, Qg{Il) and Pg{Il) for 6 G V C Z'', 
a finite set, one has = U|a|<oo-5(A)- The algebra ^{Y_) acts on Tiy := ®^eVjT~('3i®bev_^ 
will denote by ^ the unique C*-algebra generated by ^q. By we denote the *-automorphism of 
^ implementing translations by x G Z''. 

The dynamics we will consider is invariant under the *-automorphism implemented by the 
unitaries 

Q{x) ■.= PH{x)[6*PG]{xy. (2.9) 

Note that Q{x)* = Q{x)-'^ = Q{x)^~\ The operator Q{ x) is to be interpreted as the generator of 
a Zjv gauge transformation at the point x, as one can easily checks, since it can be interpreted as 
exp(-27rz(div E - p)/N). 

The algebra of observables 21 is defined as the set of fixed points of ^ by adQ(^) for all x: 

21 := {A G 5 : Q{x)AQ{x)* = A for all x G Z'^}. (2.10) 

The norm dense sub-algebra 2lo is generated by U, Pg{Il)-, {^Qh\ {Il)Qg{Il)* and Ph{xl)-, x_, b €^ 1'^. 
We call 21(A) := 5(A) n 21. 

The algebra 21 contains a non-trivial two-sided norm closed ideal J generated by Q(x)" — U, 
x_ G Z'', a = 1, . . . , — 1. Since the operator Q.{x) can be interpreted as an operator measuring 
a external Zjy-electric charge at x_ the relevant algebra of observables is actually 03 := 21/J. The 
elements of 03 are equivalence classes [A] := {i? G 21, so that A — B ^ J}. Below we will mostly 
prefer the notation A J for [A], A G 21. We call 03(A) := {A + J, A G 21(A)} the *-algebra which 
is generated by 11 J, Pg(&) + ^ and [SQh] ib.)QGib.)* + J , k e A. Finally we call 03o = U|a|<oo 23(A). 
The algebras 03 and 03(A) can be regarded as C*-algebras with norm ||[A]|| := inf { || A -|- j || , j G J} 
(for a proof see [10], Proposition 2.2.19). We will denote by 

U^ih) := PgHD + J, (2.11) 
Us{b) := [6QH]{b)QG{by + J (2.12) 

the generators of 03o. 

Let us now introduce the dynamics we are interested in by defining suitable finite volume 
transfer matrices. The form of the transfer matrix is justified by the finite volume ground state 
we will associate to it, which is identical to the classical expectation associated to the Euclidean 
Zjv-Higgs model we are considering. 

We will consider local transfer matrices Ty G 2lo, V C Z'' defined by: 

Tv = e^^/2gBvgAW2^ (2.13) 
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with 

Av 



Y JV-l 1 JV-l 



ail' 



d 



JV-l JV-l 



% ^ E E 7.(^) PGihf + ^ E E 74^) (2.15) 

where Vj^ are the positively oriented elements of the set of z-cells of The relation of these 
definitions with a formulation in terms of an Euclidean action will be given below (eqs. (3.16)). 
Above fig, 7^ and 7/^ G the set of functions {0, . . . , — 1} — )• C, and satisfy the condition 



(ig,h{n) = (ig,h{N -n), 7^,4n) =7,,/,(iV-n) (2.16) 

for all n G {0,...,A^ — 1}, with fig^h{N) := /^^^/^(O), ^g^h{N) := 7p,/i(0) in order to assure self- 
adjointness of Ty. They are the coupling constants of the model. Later when we treat the duality 
transformations we will have to restrict ourself to real couplings. For further purposes we also 
define 

Tl := e^W2gA^gBW2_ (2.17) 

Notice that transfer matrices of a classical statistical mechanics spin system are usually defined 
in order to provide a way of expressing the partition function as Z = Tr(ry), for a system in a 
volume yx [0, . . . , n] and periodic boundary conditions in "time" direction. In this particular sense 
it should be immaterial to use Ty or Ty , as defined above. However, from the point of view of 
the quantum spin system we are constructing, both transfer matrices provide different quantum 
dynamics. Interestingly, the interplay between both will be of relevance for the study of duality 
transformations in this model. 



We can also write 



= n Qg{p) n QH{h), (2.18) 
e^^= n Coih) n Ch{x). (2.19) 



where 



JV-l \ JV-l 



gaip) := exp ^ ^ /3,(n) [8Qg\ {pT = ^ E Wi^) [SQg] {pT . (2.20) 
VV A „=o / V A „=o 



JV-l \ JV-l 



enik) := expi^Y: w {[^qh] {h)QG{hrT = ^ E ^[p^]^^) ii^Qn] mom 

VV A „=o / V A „=o 



(2.21) 

CrAk) := exp ( ^ E 7.(^) PrAbr ) = ^ E ^[7.](m)Pa(fe)", (2.22) 
VVA „=o / V A 



JV-l \ JV-l 



n=0 / \ m=0 

JV-l \ JV-l 



Ch{x) := exp ^ ^ 7,(n) PnixT = ^ E £bh]{m)PH{xr , (2.23) 
VVA „=o / V A „=o 
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where, for functions a ^ Z we define the transformations E: Z ^ Z hy 

= ^-1 [exp(^[a])], (2.24) 

where the Fourier transform and its inverse J^~^ are defined on functions p Z hy 

^H(m) := ^ p{v)e+'w'"-\ (2.25) 

ve{o,--;N-i} 

^-i[^](m) := ^ ^2.26) 

ve{o,--;N-i} 

and satisfy 

(^[a])# = ^-i[a] = ^[a#], (2.27) 

where, by definition, a^{n) := a{N — n), n G {0, . . . , N — 1} with a(A^) := a(0). 

Note that in a C*-algebra, by the Gelfand transform [f f], g = e^"=o with a{n) = a{N — n), 

a[N) := a(0) is the most general way of writing a positive self-adjoint element g of the abelian 
sub-algebra generated by fl and an element V satisfying V* = = 'P^~'^, In this way the gene- 
ralized Zjv-Higgs model above represents the most general class of models with "nearest neighbors" 
interactions of the sort considered. 

At this algebraic level the Euclidean dynamics is given by the strong limit of local (non-*)- 
automorphisms of generated by local transfer matrices : 

a,{A) := lim a,{A)v, A e do (2.28) 

where ai[-)v_ is the automorphism of ^ defined through 

a,{A)v := TvATl\ A G (2.29) 

The limit in (2.28) clearly exists and defines a (non *)-automorphism of^Q. Following the notation 
introduced in [1] the subindex i in is due to the interpretation of as the generator of translations 
of one unit in imaginary (Fuclidean) time direction. Frequently we will use the notation ctjv for 
{ctiY ^ for r ^TL. 

Since ai keeps the ideal J invariant one naturally defines the action of on Q3o, which we will 
denote by the same symbol a^, by ai(A -|- J) = ai(A) -|- J, A G 2lo, as a non-* automorphism. 

For further purposes we introduce the important concept of a ground state. According to the 
definition introduced in [1], a state of 5^ is called a "ground state" with respect to the dynamics 
defined by ai if it is ctj-invariant and if 

< u{A*a,{A)) < io{A*A), A G ^o- (2.30) 

Let us generalize this concept and derive some general results from it. Let 7 be an automorphism 
of a unital *-algebra £. A state on £ is called a "ground state" with respect to 7 and £ if it is 
7-invariant and if 

<uj{A*-f{A)) <uj{A*A), VAg£. (2.31) 

Actually the 7-invariance of io follows from (2.31). If one has < cu(A*7(A)), VA G £, then the 
sesquilinear form on £, (X, Y) := (jj{X*-f{Y)), X, F G £ is positive and so (X, Y) = (F, X) [10]. 
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Therefore ijj[X*^f[Y)) = ijj[^f[X)*Y). Taking X = 1 the invariance of io under 7 follows. Let us 
now introduce two important concepts. 

First, the adjoint 7* of an automorphism 7 of a unital *-algebra £ is defined through 7*(A) : = 
(7(A*))*, A G £. Note that 7 is a *-automorphism iff 7 = 7*. In general, 7** = 7 and note also that 
for the composition of automorphisms one has (ao/3)* = a* ojS* and consequently a 



* -1 



a 



-1 * 



For 

an invertible element A G £ one also has (ad^)* = ad^*-i. Finally, note that if is a 7-invariant 
state on £ then it is also 7*-invariant. 

Second, we say that a state on a *-algebra £ has the cluster property for the automorphism 
7 if, for all A, i? G £, one has 



lim Lo{A-f''{Bj) = lo{A)lo{B) 



(2.32) 



Using these definitions we are prepared to formulate the following Lemma, which will be very 
useful for proving that certain states are ground states with respect to a given automorphism. This 
Lemma was already implicitly used in [I]. 

Lemma 2.1 Let 7 be an automorphism on a ^-algebra £ satisfying 7* = 7"^ and let 6e a 7- 
invariant state on £ which has the cluster property for 7. Actually one just needs that, for each 
A G £, the sequence c<;(A*7"(A)), a G N, is bounded, what follows from the cluster property. Then, 
for all A G £, 

\uj{A*-f{A))\<uj{A*A) □ (2.33) 
Proof. If we use a-times the Cauchy-Schwarz inequality and the invariance of io we get 



|cu(A*7(A))| < uj{A*A) 



1-2" 



uj (AV"(^) 



(2.34) 



By the cluster property, the factor io (A*7^"(A)) on the right hand side is bounded on a and taking 
a — )• 00 we complete the proof I 



3 The Ground State, the Construction of the Path Space 
and the Associated Classical Spin System. 

This section is basically devoted to the construction of a ground state w.r.t. by means of 
the transfer matrix formalism as described in [I]. The ground state we will find is given by the 
expectation of a classical statistical mechanics spin system. 
Define for n, n' G {0, . . . , iV - 1} 



Ph(x] 



N-l 
m=0 



Ph(x 



iJV- 



JV-1 



m=0 



Poih) 



E^^i{x_) and -E'^^/(6) are unit matrices with matrix elements 



N-n' 



En,n'^X 



(3.1) 
(3.2) 

(3.3) 



9 



a, b G {0,...,iV- 1}. 

Let be the functions cp: ^ {0, . . . , iV - 1}, A: ^ {0, . . . , N - 1} . Here ]/ C is a finite 
set, for instance a square centered at the origin. Define 



xev+ bev+ 



(3.4) 



Since the E(^^^a),{^',A') form a basis of unit matrices we can write 

= X] Tv{Lp,A;Lp',A')E^^^A),{ifi',A')- 

(v,A),{v',A') 



(3.5) 



The -E'(c^,A),(c^', A') are partial isometrics with one dimensional range and one finds for the expansion 
coefficients of Ty 

Tv{p,A;p',A') = Tr-Hy (eI^,a),(v',a')Tv) ■ (3.6) 
Using the last equalities in (2.20)-(2.23), the relation 



Tr 

and expression (2.24) we get 



JV-l 
m=0 



pN-uQapbQC 



c \ ^(na+n'c) 



(3.7) 



Tv{(fi, A; (fi\ A') = exp 

/ 



1 



2 E (mm{p))+mm'{p)) 



exp 



g[7/.](y(x)-y-(x)) g[7,](A(&)-A-(&)) 

^ vn ■ 

We will assume 7^ and 7/^ to be such that 

£[7,](m) = exp(^[/3°](m)), (3.9) 

£[7/.](m) = exp(^-i[/3°](m)), (3.10) 
for some jS^ ^ Z. Since in general ^[7p,/i] = J^~^ [^^^{^[79,(1])] this assumption means that 

7, = ^-^[ln(^[exp(^[/3°])])], (3.11) 
7. = ^-^[ln(^[exp(^-M/3°])])] (3.12) 
= ^-^[ln(^-^[exp(^[/3°])])], (3.13) 

the last equality coming from (2.27). Note that, for a > 0, the Fourier transform and the inverse 
Fourier transform of exp(J-'^^ [a]) are strictly positive since, for instance. 



exp(jr[a]) = !F 



00 -j^ 

E — a * • • • * a 

k=0 



(3.14) 
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with the convolution product defined by 

a * b[n) 



N-l 



8 = 



n 



(3.15) 



The same can be proven for functions a with a{n) > for n 7^ 0, but with a(0) being eventually 
negative, which is our case of interest. For, define h Z with 6(m) = (— a(0) + e)(5m,o, e > 0. 
One has J^~^ [exp(J-'[a])] = e~(~"(°)"'"^)/^^J-'~^ [exp(J-'[a + 6])] > by the previous argument since 
a + 6 > 0. 

In order to have isotropic couplings in the classical expectations to be defined below we will 
take /3° /j = fig,h- Expression (3.8) becomes 



Tv_{<~p, A; Lp\ A') = exp 
/ 



1 



2 E [m]mp))+:F[^,]{dA'{p))] 



exp 



\ E {AW^{h)-A{h)) + :Fm{d^\h)-A\m\ X 



exp 



E -^[/3.](A(6) - A'm + E - 1 iV-^/2(l^"l+l^^l), 



(3.16) 



where we used "^[/3/i](f^) = jF[/3/i](— n) on the last factor. 

The correspondence to the Z2 case of Fredenhagen and Marcu, whose couplings we call /3j ^ , 
is found by taking l3g{l) = -/^^(O) = ^2/3™, with /3/,(0) = -2-^/2 ln(2(cosh /3f^)2) and /3/,(lj = 
V2/3™. _ 

Following the argumentation of [1], since the expansion coefficients (3.16) of Ty are strictly 
positive, we conclude by the Perron- Frobenius Theorem that there exists in 7iv_ a unique eigenvector 
Oy of Tv_ corresponding to eigenvalue ||JV||•^^^. The associated vector state cuy can be obtained by 



iOv_{A) = lim 



Trny {T{}AT{}Ev 



Trn, 



A G TO, 



(3.17) 



where Ev_ is any matrix with strictly positive expansion coefficients in the basis Ei^,^^a) (v', A')- Again 
by the Perron- Frobenius Theorem the spectral projection associated with Oy has also strictly 
positive expansion coefficients and therefore one has (Oy, E'yOy) ^ 0. In order to obtain for cuy a 
classical expectation with free boundary conditions in Fuclidean time direction the choice for Ev_ 
is[l]: 

Ev-= E ev{(p, A)ev{ip', A')E(^^^A),{v',A') (3.18) 

(v,A),{v',A') 

where 



ey((^. A) := exp 



\ E m]idA{p)) + \ E n^k]{dv{b) - A{b)) 
pev+ bev+ 



(3.19) 
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Periodic boundary conditions can be obtained with the choice Ev_ = 11. We have, for V^'"''^ :- 
y X {-n + l,...,n} C Z3, 



ujviB) = hm (5"') 



Zy(n) 



where, 



e v 



(3.20) 
(3.21) 



with the generalized Wilson action 



a = — n-\-l 



y: mKdMiB «))) + E n^h]{M{b, «)) - ^((^«))) 



bevt 



+ 



n-l 

+ E 

a = — n-\-l 



(3.22) 



^ «)) - Mih. « + !))+ E -^[/^/^ll^lfe a + 1)) - ^((x, a))) 

with free boundary conditions. Here [x, a) G etc. Above B^' is a classical function of the 

classical fields Lp and A associated to the operator B. The choice of i?^' is generally non-unique 
and some prescriptions for determining it from a given operator can be found in [1]. We will not 
enter into details here. The important fact is that one can choose i?^' as 



i?='(^, A) 



Trn. [El 



v_ l,^Mo),A(o)),Mi),A(i))-gJV 
JV(^(0),A(0);^(1),A(1)) 



(3.23) 



where (fi{k)^ ^(^) refers to the variables in the A;-th Euclidean time hyperplane. One can also use 
the following useful rules. If i? G -S{Y.i) and C G ^{Y_2) with dist (Vi, V2) ^ 2, then one can choose 
{BCy' = B^^C^K Beyond this, if B is of the form B = a„i(C^) • • • a.a,(C"=) with oi < . . . < a^, 
then one can choose 



Bci ^ Jl(^c^y\^(^a,),A{a,)- ^{a, + 1), A(a, + 1)). 



(3.24) 



Finally we note that J^' = and so the classical function above is constant on the equivalence 
classes defining the elements of Q3o. 

It is useful to change to the unitary gauge by defining the new functions, y/"^ ^ {0,...,iV-l}: 
uih) = d(fi — A[b) mod if 6 is a space-like bond, u[b) = (fi{yb) — ^{xb) mod N; for b time-like, where 
the Xf, and j/6 = -|- (1, 0) are the boundaries of the bond b. We get for the partition function 



Zv(-) = j2 n nh]{u{b)) n 9{Mp)), 



(3.25) 



bev^ 



(n) 



pev' 



with the following important definitions: 

g{n) ■= e^I/^^K-) and h{n) := ^-i[e^['^'^]](n) = e^[""^](-). 



(3.26) 
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For gauge invariant classical observables one has, 



{B)vi.) = z-i,Y.Biu) n mim) n giMp))- (3.27) 

The existence of the thermodynamic limit of the last classical expectation can be established 
by standard techniques, for instance, using the polymer expansion introduced below or Griffiths 
inequalities. We will not enter into details here. This limit defines a translation invariant state loq 
of 2lo, which we call the vacuum state. By construction it is a ground state with respect to (see 

[I])- 

An important observation is the fact that, for Q{X) := Ylx Q{2L)^^-K where A is a 0-form with 
finite support in Z^, and for all F G 5^o, one has 

tc^o(i^(Q(A) - 1)) = 0. (3.28) 

This follows from (3.18)-(3.17) and from the fact that Q(A)£'(j^^^)^ (j^/^^/) = £'((^_|_A,A+dA), (c^', A') which 
by (3.19) implies Q{X)Ev_ = Ev_- Therefore, for the previously defined two-sided ideal J one has 
iOo{J) = and so we are allowed to define loq on 03 by iOo{A + J) := c<;o(A), A G 21. 



4 The Polymer Expansion. 

In this section we develop polymer and cluster expansions for the classical expectations found in 
the previous section in their "free charges" phase and show their convergence regions. Cluster 
expansions are the technically most important tool of this work (see also [1]) because they provide 
a method for rigorously extracting informations from the classical expectations, and therefore, from 
the various states we will consider on the quantum spin system. 

Let V C be a cubic box of the form V = ]^ X {—n -\- 1, . . . ,n}. To simplify matters we 

can consider periodic boundary conditions here. Free boundary conditions can also be treated with 
the polymer expansions below. Call T>v the set of all defect-networks of i.e., a function D: 
V2 — > {0, . . . , — 1} belongs to T>v iff dD = mod N. We write the partition function as 



zv= 

DeVv 



n giDip)) 

pGSuppD 



E n m{ym 

du=DmodN beV^ 



(4.1) 



Above we have chosen /3g{0) so that g[0) = 1. 

Let us associate to each D G T^v a configuration G so that du^ = D. Then we can write: 

E n mHh))= y: n m{u''{h)+dx{h)) = 

u: du=D beV+ x&v° beV+ 



( n ■ 

iV-|v/|/2 ^ ^ y^^^^^^ J2 exp ((u^, E)y. + {dx, E)y. 



Eev^ \bev+ xev° 
Since the sum over x above equals ^'^"^ ''^(^.^ omodiv S^^' 



(4.2) 



Z^:=iV-l^o+l+in+l/2^, 



13 



Dev^ Eev^ 
dD=omodjv d*E=omodN 

where we have chosen h[0) = 1. 
We will use the following 



n 9{D{p)) 

pGSuppD 



n Km) 



(4.3) 



Notation 4.1 For 1-forms E with d*E = and for 2-forms D with dD = 0, both with finite 
support we define 

[D:E] :=exp (^^^, i?)^ 



□ 



(4.4) 



Define the sets 

P G : P is co-connected and P 



an' 



V{V) 
B{V) 
d 



supp D, for some D eV^, dD = 0, D ^ 

( 

M G 1^1+ : M is connected and M = supp E, for some E e V\ d* E = 0, E ^ o} 



VtotaliV) 
BtotaliV) 



P G so that P = supp D, for some D G V\ = O}, 
M G 1^1+ so that M = supp E, for some ^ G y\ i*^ = o} . 



(4.5) 
(4.6) 

(4.7) 
(4.8) 



Above and below relations like dD = mean, more precisely, that dD = modA^. 

Note that the sets Vtotai{y) and Btotai{y) contain the empty set and that the non-empty elements 
of Vtotaiiy) and of Btotai{y) are build up by unions of co-disjoint elements of 'P(V), respectively, 
by unions of disjoint elements of B{y). One has naturally 'P(V) C Vtotaiiy) '^(^) Btotai{y)- 

We get 



Z'v= Y E Y [D:E] 

MeBt^t^l(V) SUppD = P SUpp_B=M 
dD = d*E=0 



n 9{D{p)) 



peP 



n Km) 



beM 



(4.9) 



We recall the assumptions that g[0) = 1 and h[0) = 1. 

Each non-empty set P G Vtotaiiy) ^ Btotai{y) can be uniquely decomposed into disjoint 



unions P = Pi -\- ■ ■ ■ -\- Pa 



M 



Ml + • • • + Mbj^ where P, G P(y) and G B{y). Then, 



if -D G V is such that supp D = P ^ there is a unique decomposition D = Di -\- ■ ■ ■ -\- Dap with 
Di G V^, supp = Pi and respectively, if G is such that supp = M then there is a 
unique decomposition E = Ei -\- ■ ■ ■ -\- Eb^^ with Ei G V^, supp Ei = Mi. One can also decompose 

M = M^i H h u^^p with M^' G du^' = D,. 

We get 



E nn E 

P<^-Ptotal(V) « = 1 J = l D,ev2 

«"6Btotai(^) SUppD, = P, SUppiS =M 



n ^/(A(p)) 



n KEm 

beM, 



(4.10) 



with the conventions A0 = 0, i?0 = 0. For P G Vtotai{y) and Af G Btotai{y) we define the sets 

D(P) := {D G y^ so that supp D = P and dD = 0} (4.11) 
£(M) := {D G y^ so that supp E = M and d*E = 0}. (4.12) 
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We consider now pairs (P, D) with P G Vtotaiiy) and D G ^(-P) and pairs (Af, £") with Af G 
Btota/(y) and P G V{M) and define u;((P, D), (M, P)) = u;((M, P), (P, D)) G {0, . . . , iV - 1} 
as the "Zjv" winding number" of (Af, E) around (P, P*): 

n 



w{{P, P), (M, P)) = w{{M, P), (P, P)) := (u^, P) mod iV. 



(4.13) 



The pairs with P G 'P{V) and Af G 13{V) will be the building blocks of our polymers. 

With the help of w we can establish a connectivity relation between pairs (P, P) with P G V{V)^ 
D G V{P) and pairs (Af, P) with Af G P G S{M): we say that (P, P) and (Af, P) are 

"tw-connected" if w[[P^ P), (Af, P)) 7^ and "tw-disconnected" otherwise. 

Now we are able to define our polymer model. A polymer 7 is formed by two pairs 

{{P\ P"'), (AP', P"')}, 
with P"' G VtotaiiV), AP' G BtotaiiV) and P"' G D(P"'), P"' G 5(AP'), so that the set 



{(P7, P7; 



(Ar7, P7 



(4.14) 



+ P;^, AP' = Af7 + • • • + Af^^ with i^:^ G P(y), 

P7 + • • • + p^, with P7 G v{p^), E] G 5(Ar: 



^7: 



formed by the decompositions P^ = P^ + • 
M] G B{V) and P"' = P7 + • • • + P^^, P"' 
tw-connected. Below when we write (Af, P) G 7 and (P, P) G 7 we are intrinsically be assuming 
that Af G B(Z'^+i) with P G 5(Af) and that P G P(Z'^+i) with P G D(P). 

For a polymer 7 = ((P"', P"'), (Af"', P"')) we call the pair 7^ := (P"', Af"') the geometrical 
part of 7 and the pair 7c := (P"', P"') is the "colouring" of 7. Each pair (P, P), P G P'(P), 
P G 5(Af) with P G P(Z'^+i), Af G B(Z'^+i) is a colour for (P, Af). Another important definition 
is the "size" of a polymer. For reasons which will be clear in Appendix A we define the size of 7 by 
I7I — \lg\ '■— \P'^\ + l^"'!? where |P"'| (respectively |Af"'|) is the number of plaquettes (respectively 
bonds) making up P"' (respectively Af"'). 

A remark which will be of some relevance for the proof of convergence of the polymer expansion 
we are going to define is the fact that the sets T>[P) and £[M) above have at most [N — 1)'^', 
respectively [N — 1)1^1 elements. This estimate comes from the simple fact that the forms P and P 
can assume at each plaquette, respectively, at each bond, at most [N — 1) different values. Hence 
7p can have at most [N — l)l"'9l different colourings, i.e., there are at most [N — l)l"'9l different 
polymers with the same geometrical part 7^. 

The activity fi{^f) G C of a polymer 7 is defined to be 



/.(7) := [P"' : PI n 



8 = 1 



n 9{D7{p)) 

pep-' 




n h{E]m 



beMj 



(4.15) 



with /i(0) = 1. 

We need a notion of "compatibility" for pairs of polymers. Two polymers 7 and 7' are said to 
be incompatible, 7 7^ 7' if at least one of the following conditions hold: 

1. There exist Af^ G 7^ and Af^ ^ 7^? that Af^ and Af^ are connected (i.e., there exists at 
least one lattice point x so that x ^ dh and x G dh' for some bonds h G Af^ and h' G Af^ )j 

2. There exists PJ G 7^ and P'^ G 7^, so that PJ and P'^ are co-connected (i.e., there exists at 
least one 3-cube c in the lattice so that p ^ dc and p' G dc for some plaquettes p G PJ and 
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3. There exists (M^ , E^) G 7 and {P^^| , ) e 7', so that (M^, El) and {P^^| , ) are w- 
connected. Or the same with 7 and 7' interchanged. 

They are said to be compatible, 7 ~ 7', otherwise. 

We denote by Q{V) the set of all polymers in V and by Qcom{y) the set of all finite sets of 
compatible polymers. Having these definitions at hand we can write (4.10) as: 



Z'y 



Teg com 



(4.16) 



in multi-index notation. We will often identify the elements of Qcom with their characteristic 
functions. 

We want to express the expectation of classical observables (3.27) in terms of our polymer 
expansion. We consider the following 



Definition 4.1 Let a and fi he a 1-form, respectively a 2-form with finite support. Define 



B[a^ fi) := exp 



2tti 
'IT 



(a, u) 



n 



g{{du + fi){p)) 
g{du{p)) 



□ 



(4.17) 



Since any classical observable can be written as a linear combination of such functions we consider 



{B{a, fi))v = E E [D-fi:E 

V Dgy2 £gyi 

d(D-p) = d*(E-a) = 

One has the following positivity properties: 

(5(0, [i))y > 0, 



a\ 



n 9{D{p)) 

pGSuppD 



n Km) 

!)esupp_B 



(4.18) 



(5(a, 0))^ > 0. 



(4.19) 



The first one is obvious from (4.17) and the second follows from the first using the duality results 
proven in Proposition B.l, Appendix B. Both follow also from Griffiths inequalities. Expectations 
like (i?(a, /3))y are generally complex numbers but one can easily check that the following relations 
hold: 

{B{a, ^))y = {B{-a, /3))^ = {B{a, -/3))^ = {B{-a, -/3))^. (4.20) 

The forms D above can uniquely be decomposed in such a way that D = Do-\-Di with d{Do — fi) = 
and dDi = and so that supp Do is co-connected and co-disconnected from supp D^. If J/3 = 
we choose Dq = 0. The forms E above, in turn, can be decomposed uniquely in such a way that 
E = Eq -\- El with d*[Eo — a) = and d*Ei = and so that supp Eq is connected and disconnected 
from supp El. If d*a = we choose £"0 = 0. 

We denote by Ci{a) the set of the supports of all such -Eq's, for a given a and by C2(/3) the set 
of the supports of all such -Do's, for a given /3. For d*a = we have Ci{a) = and for djS = we 
have C2(/3) = 0. We define the sets of pairs 

Conni(a) := {(M, E), so that M G Ci{a) and E G , with supp D = M and d*E = d*a} , 

(4.21) 

Conn2(/3) := {(P, D), so that P G C2{/3) and D G V\ with supp D = P and dD = d/3} . (4.22) 
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We then write 



(M, i;)6Conni(a) 
(p, D)eConn2(/3) 



n 9{D{p)) 

peP 



n Km) 

beM 



com 



for 



0, if Af"' is connected with Af, 



(4.23) 



anc 



^(^'^)'«^^^ ^= I [i)"' : - a] , otherwise ' ' ^^"^^^ 

, . JO, if P"' is co-connected with P , . 

hiP,D),fAl) ■■=[[D-P: E-^], otherwise • ^^'^^^ 

It is for many purposes useful to write (4.16) in the form 

Z^ = expJ . (4.26) 

[reGrjusiv) J 

Let us explain the symbols used above. Our notation is close to that of [1]. Qcius{y) is the set of all 
finite clusters of polymers in i.e., an element V G Qdus is a finite set of (not necessarily distinct) 
polymers building a connected "incompatibility graph" . An incompatibility graph is a graph which 
has polymers as vertices and where two vertices are connected by a line if the corresponding 
polymers are incompatible. We will often identify an elements V G Qdus with a function F: — )• N, 
where r(7) is the multiplicity of 7 in F G Qdus- The coefficients cp are the "Ursell functions" and 
are of purely combinatorial nature. They are defined (see [1] and [12]) by 

CT := E ^-^—^n{r), (4.27) 

where A/'„(r) is the number of ways of writing V in the form F = Fi + •••-!- r„ where 7^ F^ G Qcom^ 
z = 1, . . . , n. 

Relation (4.26) makes sense provided the sum over clusters is convergent. As discussed in [1] 
and Appendix A, a sufficient condition for this is < ||/u||c, where := sup^g^ 1/^(7) T'''"''? s-nd 
||/i||c is a constant defined in [1] (see also Appendix A below). By (4.15), 

|/i(7)| < [max{5(l), ...,g{N- 1), h{l), ...,h{N- 1)}]I"'I (4.28) 

and by the condition g[0) = 1 and h[0) = 1 we have ^[/3p](0) = and ^[7/1] (0) = 0, from which it 
follows that, for n G {1,...,A^ — 1}, 

JV-l 



'27rmm 

fJgim} (^cos 

m=0 

and 



m]in) = E ^Am) (cos (^^) -i)/Vn< 0, (4.29) 



n^hKn) = E 7^"^) (cos f^I^\ - 1) /ViV < 0, (4.30) 

m=0 V V iV / / 
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if [ig{m) > and 7/i(m) > for all m = 1,...,A^ — 1. Therefore one has < e~^, where 

this h can be chosen to be arbitrarily large, for each N fixed, by choosing min{/3p(l), . . . , /3g{N — 
l),7/i(l),..., ^h{N — 1)} to be large enough. All results concerning charged states presented below 
hold inside of the convergence region above. 
We also write 





n 9{D{p)) 




n Km) 


(M, i;)6Conni(a) 


_peP 




beM 



(p, -D)eConn2(/3) 

X exp J2 («(M,s),« ^(P,D),/3 - l) / • (4-31) 

VeQciusiv) ) 

5 Duality Transformations. Algebraic Aspects. 

In this section we will review and extend some results of Gaebler [8] on duality transformations 
and apply them in the definition and study of algebraic properties of global transfer matrices in 
the vacuum sector. 

Let us start defining Sv_ = exp(i?j//2) exp(A_i//2), Ay and Bv_ defined in (2.14)-(2.15). Defining 
the automorphism of ^ 

fiv{A) := SvAS^ , AG 5, (5.1) 

one has Oii[-)v_ = °f^Y_i')- T^^^ adjoint 7* of an automorphism 7 was previously defined through 
7*(A) := (7(A*))*. The limit V | Z'' of exists on ^0 for the same reason why it exists for cti,]/ 
and defines a non-* automorphism we will denote by /3. One has = o /3. Since /3 keeps the 
ideal J invariant one naturally defines the action of /3 on Q3o, which we again denote by the same 
symbol /3, by /3(A + J) = /3(A) + J, A G 2lo, as a non-* automorphism. 

Below we will also be considering the dynamics defined by the automorphism of := /3 o 
which is obtained by interchanging Ty by Ty in the definition of a^. 

The automorphism /3 has been introduced in [8] and plays an important role in the study 
of duality transformations. At algebraic level duality transformations are introduced by a *- 
endomorphism A of the observable algebra which, in the model we are considering, is defined 
on the generators of 2lo by 



A(]l) := 11, (5.2) 

MPcAm := [SQH]i-*mGi-*!ir, (5.3) 

A{[6QH]{b)QG{by) := PG{*b), (5.4) 

A{Ph{x)) := 6Qg{*x), (5.5) 



where the geometric duality transformations on and its cells are presented in Figure 1. 

Above X, *p G lo; *b G li and p, *x G With these definitions one has on the a-cells 
** = ( — l)"/(i^i), where f(x,y) is a shift of the cells by [x, y) in Z^. 

Definition 5.1 Consider a 1-form 7. Define (*7)(6) := 7(— /-(i,i)(*&)) and the translation on 
forms {g(a,byf){b) '■= 7(/-(a,6)(^)) • The operation * is analogous to the Hodge-* operation. One also 
has (* * 7)(6) = -(5(i,i)7)(6) □ 
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b 



*6 




Figure 1: The transformations b — )• x — )• *x arw/ p — )• *p. 



Since A(Q(x)) = 11, A annihilates the ideal J, and therefore the action of A on 03 is a *- 
automorphism. We denote this action by the same symbol A. On the generators of Q3o it acts 
like 



A (11 + J) 

A(t/i(7)) 
A(t/3(7)) 



11 + J, 
Ur (*7) • 



(5.6) 
(5.7) 
(5.8) 



for a 1-form 7. One can check that on 03 one has A^ = T(i^i). 

In order to analyze the interplay between A and fi let us define the duality transformations 
of the couplings. Let Z be the set of all functions {0, . . . , — 1} — )• C let D and be the 

transformations Z ^ Z defined by 



D[a\ 
D-^\a] 



One easily checks that really D o D ^ 
call the map 

(a, b) 



[ln(^[exp(^[a])])] 
[in (t-^ [exp(^[a])]; 

[in (t [exp(^-^[a])])] . 



(5.9) 



(5.10) 



D ^ o D = id. Let (a, 6) be a pair of functions in Z. We 



{a,h)' ■.= {D-\blD\a\) (5.11) 

a duality transformation. Note that, in general, (a, h)'' = (a, b) and that, according to (3.11)-(3.13), 
for the coupling functions jS^ the duality transformations are simply 



(/^fl, l^h) {/3g, /?/.)' = (7/1, 73)- 



(5.12) 



We extend this notation to arbitrary functions of the couplings with values in C. For a map 
/ : ^ X ^ ^ C we define /' : ^ X ^ ^ C by /'(a, b) := f{D-^[b], D[a]). In particular f'{/3g, /3h) 
denotes /(7/1, 7^). We also generalize this notion to operators, states and automorphisms in ^q. For 
this, denote by Ei a generator of 5^o, i-e., Ei is a finite product involving U, Qh{x)^ Ph{x)^ Qg{U) 
and Pg{1>) for x, 6 G Z''. Writing for A G 5^o, A = CiEi as a finite sum, where the q's eventually 
depend on the couplings, we define A' := c'-Ei as a mapping — )• ^q. One easily sees that this 
definition is independent of the basis of generators chosen, if the elements of the base do not depend 
on the couplings. For states we define io'[A) := [lo[A'))' ^ i.e., io'[A) = J2i Ci{oj{Ei)y , with io{Ei) 
taken as a function of the couplings. Finally we define for an automorphism 7: ^f'{A) := (7(A'))', 
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i.e. 7'(A) = Y,i,j'^id'ijEj^ where ^{Ei) = di^^Ej ^ the c^i,j's being eventually functions of the 
couplings. Since this duality map keeps the ideal J invariant these definitions extend to Q3o as well. 
Finally note that for all objects a above one has a'' = a. 

With these definitions at hand and assuming 7^ and 7/^ to be real couplings one can 

easily verify the following relations (c.p. [8]): 

AiAv + J) = Biy + J, A{Bv + J) = Ky + J, 

A(^v + j) = (^:^)* + j, A(rv + j) = (r,V)* + j. ^^-'-'^ 

which justify calling A a duality transformation. They imply the following relation between A and 
/3, as automorphisms on Q3o: 

A 0/3 = (/3*-i)'oA, (5.14) 

from which we derive the following useful relations on Q3o: 

A 0/3*-^ = /3'oA, (5.15) 

Aoa, = af'oA, (5.16) 

((r-i)'oA)oa, = a:.o((/3*-i)'oA), (5.17) 

((/3-1)' o A) o a, = a:.o((/3-i)'o A). (5.18) 

We also remark that, generally 

13 o a, = afo/3, (5.19) 
/3*oa, = aJo/3*. (5.20) 

In order to establish some properties of duality transformations we need a general abstract 
result. Let {iOa} be a finite set of states on a unital *-algebra £ and let us assume the existence of 
automorphisms ^fa,b of £ such that, for all pairs (a, 6), 

= cufc o 76^„ = cufc o 7^* ^, (5.21) 

7a,6=76~a ^^d -f^^^=id. (5.22) 

Define 

aa,b ■■= 7a, 6 76* a (5-23) 

«a,\ := l*a,b°lb,a = K,b- (5-24) 

Clearly one has cOa o a^^b = '^a ° ^a,b ° ^1 a — '^b ° ^1 a — ^a- The following Theorem generalizes a 
result of [8]. 

Theorem 5.1 For a fixed pair (a, h) the statements 

< Lo,{A*a,4A)) < Klo,{A*A), VA G £, (5.25) 

and 

< uj,{A*a^\{A)) < Kujb{A*A), VA G £, (5.26) 
for some K > 0, are equivalent □ 
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Proof: (Taken in adapted form from [8]). 
i) (5.25) =^ (5.26). First note that 

< io,{{jaAM*7aAM = o 76%((7a,6(A))*7a,6(A)) = ( Aa^'i ( A) ) , (5.27) 

the first inequahty to be proven. Beyond this one has 

Lo,{A*A) = to, o 7a,6(A*A) = cu„(7;,(A)*a„,5 o ^1,{A)). (5.28) 

By the hypothesis this shows that uJbiA*A) > and that uJbiA*A) < KuJaiX,b{A)*la,b{A))- The 
right hand side equals cOa o ^fa,b{A*^fb,a^fl bi^)) — '^b{A*ab^a{A)) and we arrive at 

iOb{A*A) < KLOb{A*ab,a{Aj). (5.29) 

Assuming without loss that LOb{A*a'j^\{A))) ^ we get by the Cauchy-Schwarz inequality that 



MA*a7l{A)f 



< 



by (5.29) 



Ub{A*A)ub{aZl{Ara7l{A)) 



(5.30) 



Kub{A*A)ub{a^l{AyA) = Kub{A*A)ub{A*a^l{A)), (5.31) 



that means: 

ujb{A*a;^l{A)) < KuJb{A*A), (5.32) 

completing the proof of the statement. 

a) (5.26) =^ (5.25). This proof is analogous to the previous one. We can get to it through 

the replacement a < > b and by interchanging 7 < > 7*, because these automorphisms play a 

symmetric role by (5.21) I 

Using the automorphism /3 we can consider four possible dynamics: 



a? = a- := o /3 ; a} = aj :-- 



a, := 0/3 
'-(r-^)'o/3' ; 



a 



T' ._ 



/3o/3 

:/3'0(/3 



* -1 V 



= a, 

From Theorem 5.1 we get the following 

Corollary 5.1 Consider the following four states on Q3o 

loq o i02 '■= ^0 o l3*~^ o A, ids := loq o a. 



(5.33) 



(5.34) 



Then the claims that, for a// j = 0, . . . , 3, cOj is a ground state w.r.t. aj , are equivalent claims □ 

Remarks. Actually, since we are assuming that loq is a ground state w.r.t. a°, this Corollary 
says that cOj is a ground state w.r.t. aj for j = 1, 2 and 3 as well [8]. Note also that coi is really a 
state, i.e., a positive linear functional, since < cuo(/3~"^(A)*ai(/3~"^(A))) = loq o l3*~^[A*A). For ijj2 
and ids the proof is analogous, since A is a *-automorphism. Finally remark that loq is a ground 
state w.r.t. a° for the whole algebra and therefore the same holds for coi □ 

Proof. We need a family of automorphisms ^fa,b satisfying (5.21) and (5.22) for all these cu^'s. 
A possible choice can be represented in matrix notation as 



/ 7o,o 7o,i 7o,2 7o,3 \ 

7i,o 7i,i 7i,2 7i,3 

72,0 72,1 72,2 72,3 

V 73,0 73,1 73,2 73,3 / 



/ id 




/3* 


-1 A 


A 


\ 


/3* 


id 


A 




/3*oA 




A-i /3* 


A-i 


id 




A-i /3* A 




\ A-i 


A-i 


A- 


1 A 


id 


/ 



(5.35) 
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The reader is invited to check that (5.21) and (5.22) are satisfied by this choice. From this, using 
(5.14) and (5.15) we get for the a-automorphisms 



/ ao,o "0,1 "0,2 "0,3 \ 

"1,0 "1,2 "1,3 

"2,0 "2,1 "2,2 "2,3 

V "3,0 "3,1 "3,2 "3,3 / 



/ id 

ia] 



/id /3*-^o/3 /3*-io/3 id \ 

/3* 0/3-1 id id /3* 0/3-1 

/3'-' o fr id id /3'-' o fr 

id /3'o/3'*-' /3'o/3'*-' id 



V id 







id 






id 






id 


\ 


id 


id 










id 


id 






id 


id 




-1 " 






id 


id 










id 


/ 


v 


id 


T' 


T' 


id 


/ 



(5.36) 



Now applying Theorem 5.1 and looking at the matrix of a-automorphisms above, we get the 
following chain: 

loq is a ground state w.r.t. a° = ao,i '^=^ is a ground state w.r.t. a^Q = aj, 

loq is a ground state w.r.t. a° = ao,2 '^=^ ^2 is a ground state w.r.t. a^Q = a^^, 

cui is a ground state w.r.t. a] = <^=^ cus is a ground state w.r.t. a^^i = a^, 

LO2 is a ground state w.r.t. a] = <^=^ cus is a ground state w.r.t. a2,3 = ctf ^ 

Let us now investigate the properties of the transfer matrix associated to the states coi. Call 

(vTe^, , Tiu), , fiu), ) the GNS-triple associated to the state coi and the algebra of observables Q3o. 

For a fixed pair (a, b) we will assume that cOa is a ground state w.r.t. aa,6- Define Ua^b- 

'H^a ^c^5 by 

Ua^bT^^M)^^a ■■= TTc, o 76%(A)0^,. (5.37) 

[/a^6 is densely defined and is actually well defined since, in case Tr^^^[A)il^^^ = 0, one has 

= cu4A*7„,, o 7* „(A)) = cu,(7,%(A)Xa(A)) = IK., o 7,%(A)0^JK (5.38) 

Analogously, if tt^^^ o 7^* ^(A)0,^j, = then 

= cu5(7,%(A)*75,„(A)) = iOb{^b,a{A*A)) = cu„(A*A) = ||7r^„(A)O^J|2 (5.39) 

and so Kei Ua^b = {0}. One also has KanUa^b = ^0)5, since 7^ ^ is invertible. One easily sees that 
Ua^b is bounded since, by the hypothesis, 

||[/„^67r^„(A)O^J|2 (A*)7* (A)) =cu4AX6(^)) <^a(A*A) = ||7r^„(A)0^J|^ 

(5.40) 

Since 7^ ^ is invertible [/a^6 is also invertible and the inverse is Ub^a^ which is densely defined. Note 
that this inverse is not, in general, bounded since Ub is not a ground state w.r.t. ab^a but w.r.t. 
Oi'^\- One can also easily check that 



{Ua- 



(5.41) 



We can now define two transfer matrices ^ ^ and T -i , actine; on tlie spaces Tiro and 

' '^^ 0, a 

Tiujb^ respectively, by 



{Ua^b)*Ua^b and 



Ua^biUa^b)*. 



(5.42) 
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and one easily sees that the natural definitions for such transfer matrices (as proposed in [1]), 
namely: T^,,a^ ^TT^S^)Vt^^ := tt^^ o aa,b{A)n^^ and T ^-nr^^^{A)n^^^ := tt^^^ o a7\{A)n^^^, hold. 

These two transfer matrices are positive and bounded (since Ua^b is bounded) and have densely 
defined inverses. We now establish the following Proposition: 

Proposition 5.1 The transfer matrices T^^^^aa b ^'^^ "^uj defined above are unitarily equivalent 

' ' b, a 

□ 

Proof. By the polar decomposition one has Ua^b = ^a^bT^l'^^^ (, where Ua^b'- '^wa ~^ ^t^6 is 

a unitary map. By (5.42) one has Ua^bTco^^aa b ~ "^uj Ua^b and using the polar decomposition 

' '^^ b, a 

above one easily verifies that Ua^bT^a,cxa b = „-^Ua^b ■ 

' b^ b, a 

From this it immediately follows the 

Corollary 5.2 The transfer matrices T o T i, T 2 andT 3 acting on the spaces Ti^o , j = 
0, . . . , 3, respectively, associated to the states cOj , and defined by Tt^^^a'''^uja{A)^uja '■= T^uja{(^i{A))^uja, 
A G Q3o, are unitarily equivalent □ 

We will simplify the notation and call T^^^ := T^^^^a'^. If is the *-automorphism group gene- 
rating translations by x G Z'' we can define the unitary operators 

u^MM^)n^a ■■= TT^ArAMn^. (5.43) 

implementing the translations on Ti^o^- Since commutes with all ^fa,b and with all aj one easily 
verifies that Ua^bUcoai^) = UcoA^)Ua^b and that Ucoa{x)T^^^ = T^^^Uco^ix). Using the polar decom- 
position above for Ua^b we get Ua^bUcoai^) = Uco^{x)Ua^b- Define the momentum operators by 
Uuja{x.) = e^^'^"--, sp Pe^^ = (— TT, ttY. Since the unitary operators intertwining the operators U{x_) 
are the same which intertwine the transfer matrices we have established the following 

Corollary 5.3 The joint spectrum of the transfer matrix and the momentum operator, sp (T^^^, Pc^^) 
is the same for all a □ 

It is interesting to see that the operators Uq^s and Ui^2 are related to the algebraic duality trans- 
formations in a simple way. One has namely Uo^3Tr^^g[A)il^^g = Wo^sTTc^o (^)^t^o — '^tu3{^~^ {A))ftcu^ 
and Ui^2'^u^AA)^Loi = Wi^27rc^i (^)f^c^i = 7r,^2 (^~H^))^c^2 • 

At this point of our analysis an important question rises. Since cUq and ijj2 are ground states 
w.r.t. the same dynamics, namely a', one could suppose that the identification lOq = uj^ holds. 
However, this is by no means a trivial statement since the ground state w.r.t. a given dynamics 
must not be unique. In spite of this, for the Z2 case, this identification has been proven to be true 
in the region of convergence of the polymer expansions [8] . We have the following 

Theorem 5.2 For the TLj^ model considered here one has the following relations for states on Q3o, 
valid at least in the region of convergence of the polymer expansions already described: 

i) lo'q = LO2 and ii) = cui □ (5.44) 
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Note that i) and ii) are equivalent. We are going to present a proof of i) for the Zjv case in 
Appendix B. We remark that this Theorem holds as far as one can establish the existence of a 
unique thermodynamic limit for the classical expectations. 

Theorem 5.2 shows that the states ijj2 and cus, originally defined on Q3o, have natural extensions 
to 5^0, namely lOq and cuj, respectively. 

Corollary 5.4 Under the assumptions of Theorem 5.2 the operators T^^i^ and T^^^ are, for all pairs 
(a, b), unitarily equivalent. The same holds for the operators Uco'^{x) and Uco^{x) and so the joint 
spectra sp[T^^i^^ ^i^'a) ^'^^ -^PiTcub^ ^^^t) identical for all pairs (a, b) □ 

Actually, under Theorem 5.2, we can identify T^^ = T^^^^ = T^^^, etc. This last corollary 
describes in which sense duality transformations are a symmetry of the quantum spin system. The 
corollary says in particular that the particle content of the sectors described by all cOa and io'^ is 
the same. A generalization of this corollary to the charged sectors constructed below will also be 
found. 



6 The Construction of Electrically and of Magnetically 
Charged States. 

We start defining some operators which will naturally emerge in the discussion presented below 

and show some useful relations among them. Defining X^'"'\yy^'^ := /3* [Q H{y)'^)Q H{y)* £ 2lo, 
one has 

= exp <! ^ ^ - ^)PH{y_Y \ = Y^-\y_) + J, (6.1; 

for 



^ E ihme"^ - m*uMy \ ^ ®o. (6.2) 

From this we notice that X'^'^^y) and Y'^'^\ y) are self-adjoint and therefore one has 

x(^\xfi^ = QHixfmHixr). (6.3) 

Definition 6.1 Let s be an a-cell on Z^. Then s_ denotes ( — where f(x,y) denotes 
translation by 

Define also, for y ^TL'^^ 

Z('^\y_)' := ^-\Y('^\y_)) G Q3o, (6.4) 

that means 

{1 1 
^ E mi^"^ - 1) {my)*y I ' (6-5) 

which is also self-adjoint. In (6.4), the symbol ' refers to the duality transformation among the 
couplings, as defined before, mapping fig — > 7/1, and has been used there for further purposes. 
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The following operators from 2lo are also important: 

f^'^Hx) := a'^{QH{xr)QH{xr\ (6.6) 

#^(^) := a]{QH{xr)QH{xr\ (6.7) 

Define also in Q3o the operators, 

ft\x) := A-i(#)(x) + J) and #)(i) := A-'{fS,''\x) + J), (6.8) 

for X G Clearly all /i"^) are invertible. We will frequently assume /o and /2 as elements of Q3o. 
As such one can establish that: 

A''\y) = (i*-\Y^-\y_)-'), (6.9) 

#^(i)' = (z('^)(i)-'/V^'^Hi)"'^'' (6.f0) 



as well as the identities 



#)(i))* = a_.(#)(i))- (6.1i: 



For all X, J/, n and m, one can see that the operator Z^^\x_) commutes with Y^"^\y)^ with 

/3*-i(y(")(y)) and with /3-i(y(")(y)). This in particular implies that /(S^H^) and /i"^(i)' also 
commute. 

It is interesting to compute the classical functions of some of these operators. One has 

Z^-\H" = (6.12) 
J g[du[po)) 

.W/nx-iF' _____ ( 27rznu(6o)^ 



frm-'\ = exp(^ ^j, (6.13) 

in the unitary gauge, where po is the plaquette placed at the Euclidean time hyperplane zero and 
bo is the bond spanned by (0, 0) and (0, I) oriented in this direction. One can say that Z(")(0) 
creates a m-frustrated plaquette at po, or a magnetic vortex with charge m and that /o"^(0)~^ 
creates a frustrated bond at the vertical bond b with charge n. All the operators above appear 
naturally in our construction. 

Now we go over to the construction of charged states. Following [I] an electrically charged state 
on ^0 with a Zjy-charge n can be produced as the limit of the following sequence of "dipole" states: 

for r G N, with FQ"'\r) := FQ"'\r, r), where FQ"'\a, 6), a, 6 G N, is defined as 

Ft\a, b) := QH{Oy^QH{x,y^*MQG{L,y^) e 2lo, (6.15) 

where has coordinates (2a, 0, . . . , 0), is a finite set of bonds with d]^ = {0, x^} and Qoilia) = 
YlbeL Qg{U)- The number a measures the distance between the charges of the dipole and b the 
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Euclidean time evolution applied to the Mandelstam string connecting both charges. As an element 
of Q3o we write 

Ft\r) = (n (/i'^^(0)-Vf "'^^(^.)-0U..(t/3(X.)*'^), (6.16) 

la=0 J 

For all elements of the states co^' converge in the considered region of the phase diagram 
to a state which we denote by (jJ^^'"'\ We omit the proof since it is analogous to the case of [1]. The 
interpretation of cu^^*^) as a charged state is confirmed by the following. Let V G Z'' be a finite set 
of lattice sites, say, a cube centered at and let <5^{V_) := na;ev['^*-PG](3l) = Ylbed'V PgUi) be the 
operator measuring the Zjy-electric fiux through SV, where d*V_ is the set of all oriented bonds b 
so that dbnV_ consists of only one element. Then 

lim lim '' /I/-/' = e-^\ (6.17) 

Using our polymer expansion the proof is again essentially analogous to the corresponding one in 
[1]. We present this proof together with the proof of Theorem 6.2 (below) in Appendix C. 

Since the FQ"'\r) are gauge-invariant one has uj^^^'^ J) = and hence c<;^(")(A-|- J) := uj^^^'^A), 
A G 2lo, defines 

Important for the physical interpretation of these dipole states is the fact that their energy 
remains bounded for increasing values of r. Precisely one has that for all m G N, 

C.0 {Ft\rra_,^ {Ft\r))) /u, [Ft\rr Ft\r)) < c„, (6.18) 

where c„ is a positive constant independent of r. The proof is found in [1]. The "perimeter law" 
of the Wilson loops, needed for that proof, also holds in our model (see [13]). 

Before we introduce the magnetically charged states we need some results on states with external 
electric charge which can be constructed from u^'^^\ Defining the *-automorphism po{A) : = 
Q h{Ql) AQ h{Ql)* ^ A G 5^, we can define a state on ^ with an external electric charge n located at 
through ijjfj{"''^ := cu-^^") o p^. Note that, for any x, y, o adQ(j^)n = adQ(j^)n o p^ and for this reason 

ijjfj{"''^ is gauge invariant. 

Let us now define the following states on (to keep the notation as simple as possible we will 
often omit the reference to the charge n and to the point 0): 

Ao := cof.i'^K (6.19) 
Ai := Xoo/3*-\ (6.20) 

Note that the Ai is indeed a state for the reasons explained in the remarks after the statement of 
Corollary 5.1. We have the following important Theorem. 

Theorem 6.1 For the states Aq and Ai above the two following statements hold: 

I) For a = and a = 1 , Xa is a ground state with respect to the dynamics a" and the observable 
algebra 2lo, i.e.: 

< Ao(A*a,(A)) < Ao(A*A), VA G 2lo, (6.21) 
< \iiA*a]{A)) < MA* A), VA G SIq. (6.22) 
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II) For the field algebra we have the following generalization of the inequalities above: there 
exists a finite constant Kp > 1 so that 

< Ao(F*a,(F)) < KMF*F). VF G ^o, (6.23) 

^<HF*ot]{F))<KMF*F), VFg^o □ (6.24) 



Proof. We will prove the statements only for Aq. Then for Ai they will follow from the general 
Theorem 5.1. 

Proof of I. By the definition one has, for all A G 2lo, 

_ y ^0 ( («.. (Qg(^. )" ) )* ( A) («., (^^(X, )" ) ) ) 

^.^^^ cup ((«..(ga(X,)"))M*a. {A{a„{QcAL,Tm ^ p 35) 
™ ^0 ((«..(Qg(^.)'^))*«.(^+i)(Qg(^.)'^)) 

from the fact that loq is a ground state for ^q. The second equality is crucial and follows from the 
representation of the states in terms of classical expectations and from the cluster expansions using 
the fact that, for a local observable A, the classical function [A]^' is also local in the unitary gauge, 
i.e., has finite support. This last fact is not true in general for elements of and for this reason 
we have in that case only bounds like II (see below). 

In order to complete the proof we need to show, according to Lemma 2.1, that Aq has the cluster 
property for ai and SIq. This again follows, using (3.24), from the representation of the state Aq as 

Ao(Aa.,(5)) = hja ^^^^^ (6-26) 

(i?(a", 0) is defined after (6.47)-(6.48) and [BY\k) is the function [BY' translated by A; G Z in time 
direction), and from the cluster expansions, using again the fact that, for a local observable A, the 
classical function [A]^' is also local in the unitary gauge, i.e., has finite support. 

Proof of II Call Gv_ the group of all gauge-transformations inside of a finite volume V_ G Z^; for 
A G Gv_, call g\ := adQ(A) and Fa ■= limyiz^ ICyl"^ J2\eGv projector oi^o into SIq. Since Aq 

is gauge invariant one has Aq o Fg{F) = Ao(-F), VF G ^o- Hence, using the same trick as in (6.25) 
we have, for -F G 5^o, 



Xo{F a,[F)) = hm — — (6.27) 

r^oo W{r, r + 1) 

where Ap := FG{F*ai[F)) G 2lo and, to simplify the notation, we used, for a, 6 G N, 

W{a, h) := cuo {{a,a{QG{L,f )T{a,,{QG{LX))) • (6.28) 

Now we write this, using the gauge invariance of cuq, as 

1 ^ cuo((a„(5A(QG(^J'^)))*F*a,<F)(a,(^+i)(^/A(QG(^,)'^))) 

lim — — r > lim ; 

Y_W \Gv_\ x'^y Wyf'^ r + 1) 



27 



Po 


:= Ao 


Po 


111 


:= Ai 


°Po 


P2 


:= fii 


oA, 


P3 


:= fio 


oA, 



lim ^ 7 (6.29) 

r^^ W{r, r + 1) ' ^ ^ 

because, in general, g\{QG{L,r)^) = GQailir)^ ^ for some ^ G C with |^| = 1. From, this and from 
the fact that loq is a ground state for and it follows that 

< Xo{F*a,{F)) < KlMF*F), (6.30) 

with 

- ™»'(r, r+1) ™ ||Ti/V„.(o.>(Qo(i,0"))ll 
Note that by the last equality Kj_ > 1. This constant Kj^ already appears in [1]. The existence 
of the limit in the definition of Kj^ can be seen with the cluster expansions. We do not enter into 
details. {Kl^ also depends on the path F^, connecting and x.^,). The constant Ke of the Theorem is 
the infimum over all constants satisfying Xo[A*ai[A)) < Kijj[A*A) for all A G ^o- Clearly Ke > 1 
(take the case A = U) and in particular we have seen that Ke is finite I 

Now we want to define the magnetically charged states using the electrically charged ones and 
duality transformations. Consider now the following four states: 

(6.32) 

cu^(-) o/3*-i oad;f(„)(o)i/2 , (6.33) 

(6.34) 
(6.35) 

where //q and /ii are states on and fi2 and /is are states on Q3o, which are well defined, since 
Po{J) = Pi{J) = 0. Above we used the identity Py o o = o adx(n)(^yy/2. The 

automorphism o adjf(n)(j^)i/2 is naturally defined on Q3o since (y) is gauge-invariant. 

The states po and pi are electrically charged, p2 and /is are magnetically charged. The precise 
meaning of this claim is explained in the next Theorem. Notice that by the magnetic states are 
the duals of electric ones, what makes the definitions (6.34) and (6.35) very natural. The definition 
(6.33) is also natural since Ai is, as already discussed, a state with an external electric charge. 

In order to understand in which sense the states above are charged we need some definitions. 
For V_ C Z^, finite, define the charge measuring operators 

$^(V:) := n ^*PrAx) and $^(y) := 6U^{p), (6.36) 

both being unitary and related through $^(y) := A~^($^(y)). They are interpreted as operators 
measuring the Zjy-electric fiux through 6*V_, respectively the Zjv-magnetic fiux through V_. We use 
these operators in the next Theorem to justify why the states above deserve the interpretation of 
being (electrically or magnetically) charged states. 

Theorem 6.2 // V C is e.g. a .square centered at the origin, one ha.s: 

vt» i^o(*'^(V)) i-t» W3(4'"(£)) ' 

lin, "-'""'a) = lim "■;::;^> = (6.38) 

L02{^^{v_)) y.\v cui($^(y)) ^ ' 
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and 

lim ~ = lim ^ = 1 □ 6.40 

The proof of this Theorem is found in Appendix C. An interesting and important point is that 
it shows that the different states are charged with respect to different ground states of different 
dynamics. In particular one sees that there is a special interest on the states //q and /i2, since they 
are, respectively, electrically and magnetically charged states with respect to the same state: loq. 
For this reason we turn back until the end of this section to the previous notation and call 
:= /io and := (j'^. 

Theorem 6.3 In analogy with (6. 14) and (6.16), one has: 

:= \ \:\ " ,\ A G do (6.41) 
with F2"'\r) := ^^"^(r, r), where, for a, 6 G N, 

(6.42) 

The operator ^^"^(a, b) creates a "dipole" of magnetic vortices separated by a and connected by a 
magnetic vortex string translated by b in Euclidean time direction. 

Proof. To simplify the notation we frequently drop the reference to the ideal J. Let us look 
more closely at state fi2- By definition one has, for A G Q3o, 

C.0 o o A o nFt\rr) ad^(„) 5 ,/.,(A) A'^ o nFt\r)) 

U2{A) = hm 7 i—s — i—s r -. (6.43) 

cuo o o A (A-1 o /3*(Fo^"V)*) o /3*(i^o"V)) 



Using the representation (6.16), (6.9), (5.14) and the fact that A ^ o/3* oa„j = a|^_-^j^.o (/3* ^)'oA ^ 
we get A~^ o l3*{FQ"'\r)) = H'^ where, for general p, (j' G N, 

H,,, := Z^-\^fl'Z^''-\x.^fl'F^-\p, q). (6.44) 

Since 

A-^ o (i*{Ft\rr) = («:• o A-^ o r(F('^V)))* = KiKr-i))* = {z^''K0)-'Z^''--\xX'H.,.,)'* 

(6.45) 

it is possible write the state in the form 

LOO (Ft\rYAFt\r, r - 1)) coo (Ft\rY AFt\r)) 

a' (A) = lim ^ ^ = lim ^ ^ \ JJ 

™ coo {Ft\rrFt\r,r-l)) ™ coo {Ft\rr Ft\r)) ' 
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The last equality in (6.46) comes from the polymer and cluster expansions 



Considering 



as an element of 2lo the last expression above also defines an extension of 



/i2 on 5^0, provided the limit exists, what can also be proven using the polymer expansion. 

One can express u^^^\A) and ^^\A) in terms of classical expectation values. Using Defini- 
tion 4.1 one has 

lim <^M1]!>, ,6.47) 



to 



E(n) 



to 



M(n) 



(^) 



(^) 



lim 



(5(0^0)) ' 

(5(0, -p-ur) 



(6.48) 



(5(0, -(i^)) 

where a" and is a 1-form, respectively a 2-form, with J* a" = and J/3" = 0, as indicated in 
the Figure 2. In this figure we indicate the support of the forms. The value that the form 
(respectively a") assumes at a plaquette p of its support (respectively, at a bond h of its support) 
is n for p (respectively, h) oriented in the sense indicated by the curly arrow. 

2r 



r ^ 



2r 



n 




' (0, 0) 





h 

2r 



t 



Figure 2: The supports of the forms (left) and a" (right), po is the plaquette at Euclidean 
time 0. The horizontal axis indicates the x -direction and the vertical the Euclidean time- direction. 

The functions [A]^ and [A]^ are given (in the unitary gauge) for r large enough by 

[Af := exp (6.49) 

[Ar := + ^) y' [zW(0)^/^AZ(")(0)^/^]^ (6.50) 
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where bi and 62 are the bonds spanned by (0, —1) and (0, 0) and by (0, 0) and by (0, 1), respectively, 
po is the plaquette at Euclidean time 0. Actually a straightforward computation shows that, for 
A G 2lo, [Af = [Qj/'{0)AQUO)r' and [A]^ = [Af'. 

Remark. We warn the reader that, due to the appearance of other factors in the expectation 
values in the right hand side of (6.47) and (6.48), relation (3.24) cannot be used for the functions 
[Af and [A]^ □ 

Let us now study some properties of the states uj^ and uj^ . We start with a simple Lemma: 
Lemma 6.1 i) For any p G N and for both a = and a = 2 we have 

lim -"(f-^;);™ AG5o. (6.51) 

™ cuo(F„(r)*F„(r)) ™ cuo(F„(r)*F„(r, r + p)) ' ^ ^ 

ii) One has uJoiFair)* Fair, r + 2)) = cuo(F„(r, r + l)*F„(r, r + 1)) and uJoiFair)* Fair, r + p))>0 
for any p G N □ 

Proof. The equality in part ii) is evident from the representation as classical expectations and 
translation invariance. The other claim follows from (4.19) or from Griffiths inequalities. Part 
i) can be proven with the polymer and cluster expansions, as one can see from the proof of the 
existence of the limit states. We do not repeat the details I 

Now we establish some important properties of the electrically and magnetically charged states. 
We will denote by cuf'^") := uj^^"-") o and uj^^"''^ := cu^^") o t_j^, the electrically and magnetically 
charged states with charges centered at x and y. 

Theorem 6.4 For the states cuf'^"^ and uj^^^^ defined above the following invariance properties 
and inequalities can be established: 

1. For the charged states one has cuf'^") o 8^^"^^ = cuf'^") and uj^^"''^ o S^^"''^ = uj^^"''^ where the 
automorphism 6^ ^^"^ andS^^"''^ are defined by 

S^^"'' ■= ° = ° ^^(/(") (£))•-! ' (6.52) 

6^^'"'' := ad^^(^)^.y^_^ o a, = a, o ad^j(m)^-yy_^ . (6.53) 

Note that {S^i-))* = (^f W)"' and {sf^^^)* = {sf^^^ 

2. For all A, B Q3o the following cluster properties hold in the region of convergence of the 
polymer and cluster expansions: 

Jimcuf ('^) [A(8li-)Y iB)) =uli-\A)uli-\B). (6.54) 
lim uf^-^ [A isf^-K iB)) = uf^-\A)uf^-\B). (6.55) 



_ J/ \ \ y. 
3. For all A G Q3o the following inequalities hold: 

< cuf (")(A*,5f (")(A)) < cuf (")(A*A), (6.56) 

< ujP''\A*6^^''\A)) < cu|^(")(A*A), (6.57) 

that means, cuf'^") is a ground state with respect to S^^^"^ and u^^"''^ is a ground state with 
respect to 6^ . 
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Jf. For all A G Q3o we have the following inequalities 

< co^^-^ {A*a,{A)t\x)) , (6.58) 
< u^^-^^ {A*a,iA)ft\yy) □ (6.59) 

Proof of Theorem 6.4. We present the proof for the magnetic states The generahza- 

tion to uj^^^^ is triviaL The case of the electric states is similar. 

Part 1. Invariance of the states already follows from the first inequality in (6.57). We give 
another more direct proof, which follows from the fact that, by (6.51), 

^ ^ ™ cuo(F2(r)*F2(r, r + 2)) ^ ^ 

from the fact that 

F,{r, r + 1) = (#H0)'/i''"'^^(i.)T «-.(i^2(r, r + 2)), (6.61) 

and from the fact that ijJo[F2{r^ r + l)*F2{r, r + 1)) = LOo{F2{r)* F2{r , r + 2)). 
Part 2. Writing cu^^") as the limit (6.41), using 

and using (3.24) we get, after some simple manipulations, 

[A (*"'■■')• (B)) = lim (g(0. -g)M"(0)[B]"(»))^ 

V V ; V V ^^^Q^ , V ; 

where [i?]^(a), is the classical function [B]^ translated to the a-th Euclidean time-slice. The 
desired cluster property is obtained writing the expectation values above in terms of the polymer 
and cluster expansions and using the standard techniques. From the same expansions one sees that 
the clustering is exponential. 

Part 3. We consider cu^^*^) (A*(5^^''^(A)) and write the state as in (6.60). A computation then 
shows that 

^Min)U*sfi-)(^A)) = lim >0 (6.64) 

V V V ujo{F2{r)*F2{r, r + 1)) " ^ ^ 

where L := Z^'"'\0)AZ^^~'"'\x_^)F2{r). The second inequality follows from the cluster property and 
Lemma 2.1. 

Part 4. Again by (6.51) we can write 

^M(.)(^) = lim ^o(F2(r)-i?F,(r, r + 1)) 

^ ^ ™ uJo{F2{r)*F2{r,r + l)) ^ ^ 

Using (6.42) and taking B := A*a,{A)/2^\o)' the operator F2(r)*AF2( r, r + 1) can be written as 
F*ai[F)^ for F := AZ(^~™)(x^)F2(?") and the result follows from the ground state property of loq 
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We finish tliis sections witli some observations concerning tlie automorpliisms 6q and (5- . 

As automorpliisms acting on 2lo we can write tlien as tlie limit V | of ad Tv(n,o) and ad Ty(o,m) 
respectively, where we introduced the finite- volume modified transfer matrices: 

Tv{n,0) := g/^(0)'^^yg^(0)-^ (6.66) 
rv(0, m) := (0)^/2 j.^^(m)(0^i/2_ ^g_g7^ 

Recalling relations (2.13)-(2.15) one easily sees that Ty_{n^ 0) differs from Ty by the replacement 

-Pff(O) ~^ e~N~Pfj(0) and IV(0, m) by the replacement [(^(5g](0) [(5(5g](0)- This means 

that these modified transfer matrices differ from the usual one by the introduction of a "shift" in 
a vertical bond starting at 0, respectively, in a horizontal plaquette located at 0. A generalization 
of this idea will be used in the construction of dyonic states with multiple electric and magnetic 
charges located at different points. 



7 The Global Transfer Matrices on the Charged Sectors. 

In this section we are interested in defining transfer matrices on the sectors defined by the electrically 
and magnetically states constructed before and in studying the relations among them. The question 
of the translation invariance of the global transfer matrices will be discussed in Section 8 below. 

Let us first consider the electrically charged states Aq, Ai, //q and /ii. Call (tta^, Ti-Xa^ ^Aa) 
the GNS-triple associated to the states and the algebra ^q. Based on our experience with the 
vacuum sector we define the operator Kq^i : 7i\g — > TYai t>y 

Ko^^^^,,{B)h, := 7r,,{/3{B))h,, B G ^o, (7.1) 

with 

K^^T^xAB)^ ■■= 7rx,{^*-\B))ho. B G ^o- (7.2) 
This operator A^o^i is analogous to the operator Uq^i previously defined. Using Theorem 6.1, part 
II, one easily checks that ||A^o^i|| = K^"^ ■ 

We then define transfer matrices on TYaq and Tix^ , respectively, by 

:= A^o^iA^o^i, (7.3) 
Ta, := A^o^iA^*^,, (7.4) 

with the result that, as expected, one has 

rA„7rAo(i?)(^Ao := ^xM{B))K. Be do, (7.5) 
Tx,7rx,iB)K ■■= ^Xii(^]iB))K, Be do- (7.6) 



e 7 



Analogously to the previously treated case T\g and are unitarily equivalent but UTa^H = K, 
a = 0, 1. Next we want to define transfer matrices on the gauge invariant sectors generated by the 
states /io and /ii and the relevant algebra of observables Q3o. Let us first consider the GNS triple 
(tt^j^, ^^(,) associated to the states [b = 0, 1) and the larger algebra ^q. 

Define the unitary operators A^: 7i\^ T^Xa, Ra'- 'H^^ 7i\^ and Sa- ^Aa? « = 0, 1, 

by 



7rxSQH{0)-n^xS^)ha, A G 5o, (7.7) 
TTxMQHim^Xa, A G 5o, (7.8) 
^XaiPo'^iMha, A G do. (7.9) 
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with Sa = LaRa- Define also, Wo^i: ^a^o ~^ ^a^i 

Wo^i := R\Kq^iRq, with 

We then define the transfer matrices associated to /io,i and by 

T,io ■= Wo*-^i^o^i = R*oTx„Ro, and 
T,, := Wo^iW*^, = RIT,,R^. 

The operator Ra defines a canonical map between the GNS Hilbert spaces and 
makes the definitions above particularly natural. A simple computation shows that 

T,,7r,,{A)^,, = TT,, (a°(A)/('^)(0)) A G ^o, 

The inverses of the transfer matrices are given by 

a = 0, 1, and are densely defined. 

Inspired in the previous construction consider also Xq^i: Ti^^ — > 7i^^ by 

Xo^i := 5'^*A"o^i5'o, with 

We then define the global modified transfer matrices associated to //q, i and by 

'■= Xq^-^^Xq^i = SqTx^Sq, and 
:= Xo^iXq^;^ = SlTx^Si. 

As one easily checks, one has for a = 0, 1, 

V;„vr,„(A)<^,„ := 7r,„ (.^f ("^^lA)) A G ^o- 

Clearly 

Vila = KTflaRa, 

and 

Observe that Vf,„ ~ T^^ ~ ^'aq ~ ~ T^^ ~ Vf,, . 

As in the vacuum sector case the definitions (7.12)-(7.13) imply Wo^ir^o — ^'a'i^o^i, where 
Wo^i is the unitary operator defined through the polar decomposition of Wo^i^ W^o^i = Wo^iT^/^. 
Note that by (6.3) 

W/o^i7r,„(A)<^,„ = 7r,,(/3(A)X('^)(0)-^/2)<^,,, A G ^o- (7.24) 
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Hence Wo^iTi^^^ C ^j^^, where Ti-f^^ '■= {7r^„(A)^^^, A G 2lo} is the subspace without external 
charges. This holds also for Wo^i, since T^^ keeps Ti-f^^ invariant for both a = 0, 1. Defining 
T^, := T„ \ Tii we conclude that 

W,^rTl^ = Tl^W,^,. (7.25) 

Since fio{J) = = there is, for both 6 = 0, 1, a canonical identification between the 

GNS-triple associated to 2lo and the GNS-triple associated to Q3o. For this last we have 

Wo^i7r,,{A)<l>,, = TT,, (/3(A)y('^)(0)-i/2)<^,,, A G Q3o, (7.26) 

T',„^,oiA)<P,, = vr,„(a°(A)/('^)(0))(^,„, A G Q3o, (7.27) 

r^>,,(A)<^,, = TT,, (aKA)#H0))<^.., AgQ3o. (7.28) 

Now we treat the magnetic states. Call (vr^j^, Ti-f^^^ ^^f,) the GNS-triple associated to the states 
/ifc, 6 = 2, 3 and the algebra Q3o. There are natural unitary maps Tif^^ — > Ti^^ and Tif^^ — > Ti^^ given 
by 

Wo^37r,,iA)^,, := 7r,3(A-i(A))(^,3, A G Q3o (7.29) 

Wr^27r,M)^,i ■■= AgQ3o. (7.30) 

This naturally invites to the following definitions for the transfer matrices on the magnetic sectors 
associated to fi2 and /is: 

T;i^ := W^^^T^iW-^, and T^i^ := Wo^sT^^W-^,, (7.31) 

which leads to 

T',,^,M)<P,. = («-(^)#^(0)) A G Q3o, (7.32) 

T^^^7r,M)<P,s = ^.3 («;'(A)#H0)) <P,s. A G Q3o. (7.33) 
The inverses are given by 

{T^iy 7r,M)K = 7r,„ (a»,(A/^)(0)"')) A G Q3o, (7.34) 

a = 2, 3, and are densely defined. 

From (7.25) and (7.31) we conclude that T^^ ~ T^^ ~ T^^ ~ T^^, where ~ means unitary 
equivalence. After a simple computation one can see that 

{7r,M)<P,., Tl^^^SB) {Tiy\,SC)^,)^ = fi^{A*anB)C) (7.35) 

for all a G {0, . . . , 3}, and for all A, 5, C G Q3o. 

For completeness and further uses we also write down the explicit definitions of the operators 
Wo^2, Wi^3 and W2^3- 

Wo^27r,M)<l>,o = vr,, (^A-io/3(A)(z('^)(0)-i/2)')<^,„ A G Q3o, (7.36) 

W^^s7r,M)K = vr,3 (a-^o/3-1(A)(/3*(z('^)(0)^/2))')(^,3, A G Q3o, (7.37) 

W2^s7r,M)<P,. = vr,3(/3*'(A(z('^)(0)^/2)'))(^,3, A G Q3o. (7.38) 
We close this section mentioning without proof an elementary Proposition we will use. 
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Proposition 7.1 Using the definitions given above one has: 
for all a , and for all B ^ N, B > 1, and finally 

{z^-H^f")^,', □ 



for all B ^ N, B > 1, where t/j 



(7.39) 



(7.40) 



f^2 



8 The Translation Operators on the Charged Sectors. 

As far, we have not discussed the question of the translation invariance of the global transfer 
matrices defined above. Let us first analyze this question for the GNS triple associated to the 
electric state //q and Q3o. 

Our task is to exhibit a unitary operator acting in Tif^^ implementing the translations and to 
show the translation invariance of the global transfer matrix T^^. We will be following the steps 
of [1] with some adaptations. We remember that the state //q and all GNS objects associated to 
it have been constructed with a charge "located" at 0. For an arbitrary point x G Z^, we have to 
show the existence of vectors in Tif^^ implementing the states //q o t_^, the electrically charged state 
with charge "sitting" at x. 



Let us start defining the following operator on H, 



'g ■ 



AG Q3o. 



This operator is well-defined, bounded with ||Vo|| = 1, self-adjoint and, by (6.56), positive. Clearly 
Vo coincides with \ , defined in the previous section. Boundedness follows from the Cauchy- 

Schwarz inequality and from the cluster property of jiQ with respect to Sq^"'\ The same cluster 
property also implies the uniqueness up to a phase of the eigenvector of Vq with eigenvalue one. 
Note that this operator has been defined here only for for the point 0. Later we will extend the 
definition to arbitrary x. 

Let L_a^f, denote a finite connected set of bonds in having a and b as end points, oriented 
from a to b. We will call these sets of bonds transporter bonds. For such transporter bonds and 
for p G N define the operator 



p-i 



U^a.itKb)-' 



a=0 



a. 



pi 



p-1 



\{aUA''\a)-') 



6=0 



f8.2l 



The idea behind this definition is that the operator Ap[L^ 
a classical function described in Figure 3. 

Proposition 8.1 For fixed Lj^^^ the sequence defined by 



^x')'Tx{Fo{r))^ p < r, is associated to 



i^piL 



p\^^x) 



'M/ ll^M [ApiLo^x, 



P G N, 



(8.3) 



is a Cauchy sequence in Ti^^ . Call tj^xiLo^x) l^he limit vector of the Cauchy sequence above. Then 
4^x{Lo^x) ^-^ independent of the transporter bonds Lj^^^ □ 
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t 



X_j, I X 



Figure 3: Semi-loop of bounds associated to the classical function of Ap[L^^^,)Tx{Fo[r)) . The arrow 
indicates the orientation sense of the corresponding 1-form. 



Proof: Call tfjp := tljp{L^_^^). By (4.19), (V'n, V'm) > and can be written as V'm)(V'm, V'™)]^''^- 

Expressing this in terms of cluster expansions one sees, for n and m large, that the only clusters 
which contribute are of size larger that 2min(n, m) and that for | ln[(?/'„, V'm)]| we have the bound 
(const. )(|ivo^^|)e~(^°"**')™™("'™). So [tj^m V'm) ~^ 1? foi" m ^ oo and this implies convergence. 
Now we are going to prove the independence of the limit vectors on the transporter bonds. The 
argument is analogous to the previous one. Consider 

1/2 

{4^xiRo-^x),4^dLo-^x)) = j}^[{4^p{Eo-^x),4^p{I^-^x)) {4^p{I^-^x),4^p{Ro-^x))] ■ (8.4) 

Expressing this in terms of cluster expansions one sees that, for p large the only clusters which 
contribute are of size larger than 2p and that for In ^?/'p(i?Q^^), ?/'p(ivQ^^)^ we have the upper 

bound {const.){\L^_^J + |i?o^^|)e"('°"'*-)^ ^ for p ^ oo ■ 

Definition 8.1 Call ^^o(x) := tpx{L^_^^) for any L^_^^, with ^^o(0) := ^^o- 

Proposition 8.2 i) One has for all A G Q3o 

(<^m(^), 7r^o(^)'^M(^)) = M^-x{A)). (8.5) 
a) (f>^g{x) is a cyclic vector with respect to 7r^Q(Q3o) n 

Proof: The proof of part i) is easily obtained using the definitions and the cluster expansions. We 
omit the details. Part ii) holds if there exists a sequence 

Ipn ■■= T^^o{Bn)<P^o{^)/h^o{Bn)<P^o{^)\\^ (8-6) 

Bn G 23o, n G N, converging to e^^c/)^^, / G IR which is cyclic, by construction. Write ^^^(ai) = 
4^x{Lo^x)- We will show that one has such a sequence for a choice like Bq = Aq[R^^Q)^ in particular 
with R^^o = —Ljd^x- The fact that, for this choice, is a Cauchy sequence can be proven similarly 
to the previous case using part i) of this Proposition. In order to show the convergence to e^^c/)^^ 
we observe that, for arbitrary x, Z and i?, one has 

S!^""^ (A,(4^^o)^(4^J) = A,+i(4^^o)^+i(4^J, (8.7) 

since, in general 

S!^""^ (Ap{L^_^,)) = f^''\a)-'f^''\b)Ap^,{L^_^,), (8.8) 
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and 



This implies that 



Vot/j = hm hm 



7r„ 



A, 



g+ll 



-Lo^x)^P+iiLo- 



i^^x, 



(8.9) 



(8.10) 



where is the hmit of the sequence In Appendix D we will prove that the factor inside of the 
brackets converges to one in the limits above. Therefore, is an eigenvector of Vq with eigenvalue 
one and has to be equal to e^^c/)^^ I 

Define 



Now we are able to generalize the definition of the operator Vq on 



7r„ 



(8.11^ 



This operator is well-defined, densely defined, bounded with ||V^|| = 1, self-adjoint and, by (6.56), 
positive. Boundedness follows from the Cauchy-Schwarz inequality and from the cluster property 
of /io with respect to S^^'"'\ The same cluster property also implies the uniqueness up to a phase 
of the eigenvector of with eigenvalue one. 

Let us now introduce the generators of the translations. Following [1], define 



TT, 



AgQ3o 



(8.121 



for all ^ G and A G Q3o. This is a densely defined isometry with dense range and so it defines a 
unitary operator. The family {U^g{z_)^ z_ G Z^} defines a unitary representation of in Ti-f^^- This 
follows from the same arguments as in [1] and we will not repeat the details. As we will discuss 
in [9], the corresponding situation in the dyonic case is more complicated, since the positivity 
argument used in [1] does not hold for expectations involving loops of bonds and of plaquettes. 

With this definition we easily check that U^g{z_)Vx = Vx+zU^g{z_) and U^g{z_) 
where, for x G Z^, we define the operator 



vr,. 



As one sees, this is a self-adjoint operator and, by (6.58), one has < < ||/o 



in). 



Tq = T^^ and we want to show that 



Tr', for all X. For, observe that 



T 

J- X 



lim 

g^oo 



K^o(Ag+i(iv^^o))^^o (x)ll' 



T 



(8.13) 
Clearly 

(8.14) 



what can be seen applying the definitions on the dense set {7r^Q(A)^^Q, A G Q3o} and using (8.8) 
and (8.9). Using arguments analogous to that used in Appendix D we can see that the factor 
between parenthesis in (8.14) is equal to one. This can be also more directly seen from the fact 
that and T^^ have the same norm since [/^^ (x) is unitary and intertwines both. From this it 
follows that U^g{z_) and T^^ commute for all z_ G Z^. 

Now we present the definitions of the translation operators in the GNS-sectors associated to the 
states /ii, and /is. We simply define, for all ^ G Z^ and a = 1, 2, 3: Uf_t^{z) := Wo^at^A^o (^)^o-!^a- 
Let us look at each case more closely. Using the previously discussed polar decomposition of the 
operator VUo^i one has 



(8.15) 
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and since U^^ commutes with T^^ we conclude that, for each U^^{z_) and U^g{z_) are unitarily 
equivalent. Analogously we conclude that Uf^^{z) and U^g{z_) are unitarily equivalent since Wo^2 = 
VKi^2W^o^i and W\^2 is unitary. Finally U^^{z_) and U^g{z_) are unitarily equivalent because Wq^s is 
unitary. Note that the unitary operators intertwining U^^{z_) and U^^{z_) are the same intertwining 
and r^^, as found in the previous section. In this way we have found an equivalent to Corollary 
5.3 for the charged sectors: 

Corollary 8.1 The joint spectrum of the transfer matrix and the momentum operator, sp (T^^, IP^„), 
is the same for all a □ 

This in particular says that, if there exists an electrically charged particle in the sector associated 
to /io there must be a magnetically charged particle in the sector associated to fi2 with the same 
mass and dispersion relation. 

It is interesting to study in more detail how Uf^^{z_) acts. We will in particular derive a result 
which will be useful in the proof of the existence of magnetic particles. 

Definition 8.2 Let Lq^z, z_(^'L'^ he transporter hounds. Define for p G N, 

Bp{Lo^z) '■ = 



Call 



a = l 



V'A*2(i) := lim 

p^oo 



6=1 



with V'a*2(0) := 7r^2 [(Z^'^KO-Y''^)'^ <t>n2 as m Proposition 7.1 a 
In (8.17) we used the fact that 



^W(o)-i/2y. 

(8.16) 
(8.17) 



vr,. 



(z('^)(o)^/^)') <^..,r,^,vr,,((z('^)(o)^/^)') 



= 1. 

(8.18) 

The existence of the limit in (8.17) can be established with the same methods used in the electric 
case. Analogously to Proposition 7.1 one can show that 



Theorem 8.1 With the definitions ahove 

(^)7r^2(^)V'At2(fl) — ^A'2('^^(^))V'At2(^) 

for all A G Q3o, ^ G Z2 □ 



(8.19) 



(8.20) 
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Proof. Using the definition of Un^{z_) := Wo^2t^A'o (^)^o-t2 oi^^ can show that 



TT, 



A- 



with 



A lengthy but straightforward computation shows that 
Hence, the numerator in (8.21) can be written as 

{rdA) {zi-HzY^')') r^^.TT,, ((z('^)(i)^/^)'i?,_i(Zo^j) 

Concerning the denominator in (8.21) one can show that it equals 

\{T',f'^,. {[z^-\zfl')' B,_,{L,_^^)) . 
Therefore, after the limit is taken we get 

U,M^,AA)4>,. = vr,. (r^ (a {z^-H^Of')')) T^iJM = vr,, (r^ (a (z('^)(0)-^/2)' 

where here we used (8.19). To finish the proof, replace A ^ A (Z^'"'\oy^ 



8.21] 



8.221 



8.23) 



8.24) 



8.25) 



8.26) 



9 The Existence of Electrically and of Magnetically Char- 
ged Particles. 

The existence of an electrically charged particle in the Z2 case in J > 2 was established in [3] using 
methods previously developed by Schor and collaborators in the vacuum sector (see references 
in [3]). Here we will use the same techniques to show the existence of — 1 electrically and 
magnetically charged particles in our 3-dimensional Zjv model. We will restrict ourself to present 
only the basic results concerning the existence of electric charged particles in the Zjv case. Further 
details for the proof of existence of the one-particle states can be inferred from the basic discussion 
found in [3]. By duality, or more precisely, by Corollary 8.1, we conclude the existence of — 1 
magnetically charged particles as well. Nonetheless a direct proof of the existence of magnetic 
particles can be found repeating the steps of the electric case. As in the previous sections our 
results are restricted to the region of couplings with max{(/(l), . . . ^g{N — 1), /i(l), . . . , h[N — 1)} 
small enough. 

Due to some special problems already observed in [3] we have to represent (i?(a, /?)) in a slightly 
different way from (4.31). Here we write 



(M, E)eCo'a'ai(a; X) 

(p, D)eConn2(/3; c) 



n 9{D{p)) n Hm) 

peP beM 



exp J2 [a\M,E),a;X ^\p,d),(5;C - 1) / 



(9.1) 
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We used the following definitions: 



• Conni(a; X) equals Conni(a) if da ^ and otherwise equals the set Qx of all polymers 
whose geometric part is formed a simple connected set of bonds which are connected to at 
least one point of the finite set X C Iq = Z"^. One also has G Qx- 

• Conn2(/3; C) equals Conn2(/3) if d* jS ^ and otherwise equals the set Qc of all polymers whose 
geometric part is formed a simple co-connected set of plaquettes which are co-connected to 
at least one cube of the finite set C C h- One also has G Qc- 

• 0'{M,E),a;x{7) equals a(M,E),a{7) but is zero in the case da = if there are bonds composing 
7 connected with at least one point of X. 

• ^(P,D),/3;c(7) equals hf^p^j^^jji^^) but is zero in the case d* fi = if there are plaquettes compo- 
sing 7 co-connected with at least one cube of C . 

The convergence of this representations can be proven by the same methods. We note that (9.1) 
does not depend on X and C, which can be chosen arbitrarily. We indicate the choice of X and C 
by writing ( • • • ) x-c- This representation only differs from (4.31) if = or d* fi = 0. 

Starting from the states //q and ijf^ on the algebra Q3o we associate via the GNS construction 
the objects 

P'O (t>E^ T^E, 'He, Te, Ue{x); (9.2) 

1^2 <pM, ttm, Ti-M, Tm, Um{x); (9.3) 

where we introduced the new notations (pE = (pno^ ^tc, and (pM = etc. 

We will always be assuming that these states have (electric or magnetic) charge n. We will 
analyze the following two-point functions of vector states with charge (n): 

G^'^'^Hxo^x) := {^E,UE{x)Ti;"^^E), (9.4) 

G^'^^Hxo^x) := (r]/VM,t/M(^)r£'''ri/VM), (9.5) 

for (x, Xq) G Z"^, with 

V-M := 7rM(^('^H0)'^')<^M. (9.6) 

The factor Tlj^MiZ^'^Hoy^^) was introduced for convenience. The results we are going to establish 
say that the vectors (/)e and T^'^i/jm have non- vanishing components on one-particle subspaces. The 
same holds for the vector i/jm since Tm commutes with the momentum operator. Note that 

G^'^'^H^o, x) = {7rMiZ^''Hxf')^M, (t/M(^)r£"l+') 7rMiZ^''H0^')^M) . (9.7) 

We now introduce a convention frequently used below. 

Notation 9.1 1/7 is a form in TL? with finite support we will denote by ^f[x\ the form 7 translated 
by xe Z^. Clearly -f[0] = 70 
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We represent these two two-point functions as the square root of the Green functions of two 
infinitely separated charges. Having (7.39) in mind we write, for two fixed points x = (xq, x) and 
y = (j/o, y) G 



X, y) 



lim 



1/2 



y) 



CO V(i?(<y,o)); ' 

^. / (i?(0, -8-[x])) V" 

™ 1^(5(0, -/3-[x]))y' 



(9.8) 
(9.9) 



where the forms 7" and a" are defined in Figure 4 (see also Notation 9.1). The forms 8'^ and 
are the analogous of the forms 7" and a", respectively, on the dual lattice. 



y - X 




(0, x^ 




Figure 4: The forms 7" = 7"[0] (left) and a" = a"[0] (right). 

In the method we follow we consider configurations of complex space-time dependent coupling 
constants k := {/i(l)(6), . . . , h[N)[b) ^ g[l)[p) ^ . . . , g[N)[p)^ 6 G p h}- The configurations we 
will consider are invariant under space translations. We denote by ( • ){k) the classical expectations 
associated to the configuration of couplings k. 

We define the Green functions for space-time dependent couplings for Xq < yo by 



G''^^^\x,y)k 
G'^'('^)(*x, *y)k = 



1/2 



lim 



lim 



[ {B{a?[xiO)){k) ) 

(5(0, -fimw ) 



(9.10) 
(9.11) 



where we have chosen X = {j/, j/^} and C = {cy, Sr}? where Cy the cube spanned by the plaquettes 
(y, yo) and (y, j/o + !)• In [3] another representation of for variable couplings has been used. 
Both lead to the same results. 



42 



We identify bonds, plaquettes, and cubes with their geometric central points, (which are points 
in 'L'^l'i). For a < b we call by Qa,b the subset of Qdus composed by clusters whose bonds and 
plaquettes are contained in the time-slice a < Xq < b. We also define tj* 5 := Qdus \ {S-co,a ^Sb,co)- 

To handle with (9.10) and (9.11) we need some abbreviations and call 



^lM,E);x,y{7) 
^(P,D);^,j/(7) 
«^(7) 
Ki7) 



(i(M,E)rf?M;yi^)^ 

«0,a?[2];0(7)7 



(7). 



(9.12) 
(9.13) 
(9.14) 
(9.15) 



From now one we concentrate on the analysis of G^'^'"'\ The treatment of G^'^'"''^ is analogous. 
Before the limit r — )• 00, the right hand side of (9.10) can be written as 



E 



(M, E)e 

Conni(7^[x];X) 



n Km)k 

heM 



a 



(M,E);x,y) 



a 



(M,E);x,y 



(9.16) 



^^XQ, I/O 

where /u(7)fc, etc, means that the activity is defined on the configuration of couplings k. We have 

^ cr/i[ ((a^)^ - 1) = cr/i[ ((apr _ 1) (9.17) 

TG^J/q, CO TG^J/q, CO 

because the sum is convergent for finite r and the result is translation invariant. An analogous 
argument implies that 



(9.18) 



for an arbitrary x' G Z^. The limit r — )• 00 of this expression is also convergent. 

Using now these facts and applying the polymer and cluster expansion machinery we can control 
the limit above and get, for j/ G Z"^, 



E 



(M, E)e 

Conni(7"[x]; X, y) 



n Km), 



q{{M, E); X, y] 



(9.19) 



where 7"[ai] = limr^oo 7" [^l] and 

q{{M, E)- X, y) = exp {D{{M, E); x, y)) , 

with 

D{{M, E); X, y) = A+((M, E); x, y) + A_((M, E); x, y) + i?((M, E); x, y), 



(9.20) 



(9.21) 
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where, finally, 

A+{{M,E)-x,y) := ^ cr/i^(a(M,i^);.,,)^ - (a,)^) , (9.22) 



TG ^J/Q , CO 

A.{{M,E)-x,y) := ^ cr/i[ ((a(M,i^);.,,)^ - (a.)^) , (9.23) 



CO, Xn 



5((M, ^); X, J/) := crpl{{a^(M,Ey,.,y f -{a^rj f). (9.24) 



t2 



for arbitrary G Z , as described above and with the definition %(7) := linir^oo ^^^^(7) and, 
for (M, £■) G Conni(7"[x]; x, J/), with a(M,_E;);2.,i/ := linir^oo ^(m',^');^^,!/ (M', £") G 

Conni(7"[x]; x, j/) containing (Af, £"). 

Using the polymer expansion techniques we can prove that 

\D{{^M,E)-x,y)\<k^\M\^k2, (9.25) 

for positive constants k^. 

Now we start to collect the results concerning these Green functions which lead to the proof of 
the existence of one particle states. We omit the proofs since they can be established in the same 
way as in [3]. First for the Green function with constant couplings one can show that 

^^'^(xo = 1, X = 0) > A;/i(n), (9.26) 

for some positive constant k and h small enough. 

For the Green functions with variable couplings we have to use a special sort of configurations 
k. We will namely consider g{a)[p) = gt{a)^ a = 1, . . . , — 1 for all plaquettes lying on the plane 
Xq = t, h{a){h) = ht{a) for all time-like bonds connecting the planes Xq = t and Xq = t -\- 1. For all 
time-like plaquettes and space-like bonds we fix g{a)[p) = g{a)^ h{a){h) = h[a). 

The next step is to study the analytical dependence of the Green function on the variable 
couplings, which lead to analytical properties of the original Green function in momentum-space. 
We performed this analysis using the techniques of [3] and the results are captured in the following 

Theorem 9.1 For the electric Green function with charge n and variable couplings as defined above 
one has the following facts: 

1. At ht{l) = • • • = ht{N — 1) = and for Xq < t < yo one has 

G'^^^-\{x, xo); {{y,yo))k = 0. (9.27) 

2. At gt{l) = ht{l) = ■■■ = gt{N - 1) = ht{N - 1) = 0, for Xq < t < yo one has: 

dh,(n)G^'^''\x- y)k = exp(/i+i) Y C^'^'^H^; «)fcG'^'^'^H« + eo; J/)fc, (9.28) 

aGAt 

where Aj is the plane Xq = t, eo is the unit vector in positive time direction and f is a 
holomorphic function of the couplings. 

3. At ht{l) = • • • = ht{N - 1) = 0, for Xq < t < yo one has: 

dl]ii)---dl:^-^-r)G^'^''H^;y)k = 0, (9.29) 
in the case Yla=i 7^ ^ mod N . 
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4- At gt{l) = • • • = gt{N — 1) = 0, for all t one has: 

^;:(i)---cv-i)^'''^'^H^;?/). = o, (9.30) 

in the case J2a=i ^'^a tnod N □ 

An analogous result can be proven for G^'^'"''^ by interchanging gt hi above. According to 
the methods explained in [3] the results above lead to the following 

Theorem 9.2 For a given n, for max{(/(l), . . . , g{N — 1), hil), . . . , h{N — 1)} small enough and 
under the condition 

h[n) > max <^ n Haf\ yba, < 6a G N with ^afc^ = n mod N \ , (9.31) 

[a^n ) 

the Fourier transform of the 2-point function G^'^'"'\xo^ x) can be analytically extended, for each 
p G (— 7r,7r]^, to a meromorphic function of po in the region Impo < v^'^^\p) with an isolated 
simple pole at po = iv^'^^\p), where v^'^^\p), the energy-momentum relation of the particle, is 
smooth and v^'^^\p) is continuous with v^'^^\p) > v^'^^\p) > m^'^'"'\ m^'^'"''^ being the mass 
gap. The group velocity gradv^'^^\p) is nowhere constant. For G^'^'"'\xo^ x) one has the same 
results with dispersion relation i'^'^'"'\p), etc. Concerning the dependence on the couplings one has 
v^'^^\p){g^ h) = v^'^^\p){g ^h)' = ' ^^\p){h ^ g) , etc, i.e., dual particles have dispersion relation 
related by dual couplings. One also has v^'^^\p){g^ h) = v^'^^~^\p){g ^h) , etc, i.e., particles and 
anti-particles have the same dispersion relation □ 

Remark. The condition (9.31) is for technical reasons necessary in order to guarantee that 
we have an upper mass gap, i.e. the "mass shell" related to the particle with charge n is isolated 
from the absolutely continuous spectrum associated to scattering states with total charge n, since 
it essentially says that the mass of the particle with charge n has to be smaller than the sum over 
all masses of particles whose charges sum up to n mod N. But the particles may exist without this 
condition. Note that condition (9.31) can be satisfied simultaneously for all n, for instance if all 
/i(a), a = l,...,A^ — 1, are approximately equal □ 

This Theorem implies the existence of closed subspaces 7i\; C Ti-E^ T^m (the single 

particle subspaces) on which the relations (Te/m ~ e~'^^^^''^"^^—^^ \ 'H^jj^ = 0, hold. Here P is the 

momentum operator. Ti^ and TiXj are the closures of the linear spaces Dg) and where 



supp/nsp(i7i,,P)c{(//^ (£),£), £G (-7r,7r]2}, feV{R^)\, (9.32) 



and T'^Ij is defined analogously replacing E —i- M and with i/jm replacing (/)e. He/m are the 
Hamiltonians defined as He/m ='■ ~^^Te/m- 
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Appendices 

A The Convergence of the Cluster Expansion. 

In this Appendix we will present a proof of the convergence of the cluster expansion together with 
some useful estimates. Our proof uses some ideas contained in [1], Appendix A.3, but we organize 
the material differently. Adaptations to our case have been done in the proof of Lemma A. 2 below. 
We made no attempt to find optimal estimates and so, no concrete numerical predictions for the 
size of convergence regions for the couplings will be presented. We refer the reader to [I] where 
this has been performed for the Z2 case. 

Let L be a cluster of polymers. We say that a polymer 7 is incompatible with L, i.e., 7 7^ L, if 
there is at least one 7' G L with 7 7^ 7'. For two clusters F, F' we have F 7^ F' if there is at least 
one 7 G F with 7 7^ F'. 

For the polymer system discussed in this work we are going to prove the following result: 

Theorem A.l There is a convex, differentiahle, monotonically decreasing function Fq: (ao, 00) — > 
IR+, for some ao > 0, with lima^oo Fo[a) = such that, for all sets of polymers T , and for all a > ao, 

^e-»l"'l <Fo(a)||F||, (A.I) 

where ||F|| = Z]F(7')|7'|, F(7') being the multiplicity of ^' in F □ 

Once inequality (A.I) has been established, it has been proven in [I], Appendix A.I, that the 
two following results hold: 

E kr||/|<i^i(-ln||/i||)||Fo||, (A.2) 

r^ro 

E kril/l < ff4l l|ro||i^o(ac), (A.3) 

l|r||>n 

where and ||/Uc|| > are constants defined in [I], Fi. (cc + Fo(«c), 00) IR+ is the solution of 
Fi{a + Fo{a)) = Fo{a) and := sup^ |/i(7)|^/l"'l. For a proof we refer the reader to [I]. 

The inequalities (A.2) and (A.3) are of central importance in the theory of cluster expansions 
and are often used in this work. This makes relevant to prove Theorem A.I. 

Since, in general 

E e""'"'' < E E e""'"'' < E r(7') E (a.4) 

79^r 7'Gr79^7' 7'Gr 7^7' 

it is enough to prove (A.I) for the case in which F is composed by a unique polymer 7', i.e., F = 7'. 
This will be performed in Theorem A.2 below. We first need some definitions: 

Definition A.l Let be the sets 

Cb{M) := {M' G B{Z^+^) so that M' is connected with M}, (A. 5) 

Cp{P) := {P' G P(Z'^+^) so that P' is co-connected with P}, (A.6) 
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P G Ptota/(Z'^+^); and the sets 

Wb{P) := {M' G B{Z'^+^) so that w{M', P) ^ 0}, (A. 7) 



Wp{M) := {P' G P(Z'^+^) so that u;(P', M) ^ 0}, (A. 8) 

W/*°*»'(P) := {M' G Bt„t„,(Z'^+i) so that w{M' , P) + 0}, (A.9) 

Wl°'^\M) := {P' G nota/(Z'^+^) so that u;(P', M) + 0}, (A.IO) 



M G BtoU"^'^^), where, for M G BtotaiiZ'^') and P G nota/(Z'^+i), u;(M, P) = u;(P, M) G 
{0, . . . , — 1} is the " TiN-winding number" of M around P: 

w{M, P) = w{P, M) := max w{{M, P), (P, D)) = ^^max^^^ ((u^, E) mod n) . (A.ll) 

Eee(M) _B,'supp_B=M 

For M G Bfotaii'^'^'^^) and P G 'Pfota/(Z''~'~"^) we define \M\ as the number of bonds contained in 
M and \P\ an the number of plaquettes contained in P □ 

Proposition A.l Let two polymers (P, D) with P G P(Z'^+^) and (M, E) with M G B(Z'^+^) be 
given. Then there are convex, differentiable, monotonically decreasing functions Fj,, F^: (ao, oo) — > 
IR+, for some ao > 0, with linia^oo Fb^p[a) = such that, for all a > ao, 

E e-»H<P,(a)|P| (A.12) 

77^(P,-D) 

and 

J2 e-"l"'l < P6(a)|M| □ (A. 13) 

The proof of Proposition A.l is given immediately after the proof of Corollary A.l. We now 
establish the main result of this Appendix: 

Theorem A. 2 There is a convex, differentiable, monotonically decreasing function Fq: (ao, oo) — > 
IR+, for some ao > 0, with lima^oo Fo[a) = such that, for all 7' G Q, and for all a > ao, 

e""l"'l < Po(a) |7'| □ (A. 14) 

Proof of Theorem A. 2: Let {{M]\ F^l )}, and {{P-'\ D^^' )} be the set of mutually dis- 
connected sets of bonds, respectively the set of mutually co-disconnected sets of plaquettes and 
their colours which make up 7'. Then 



E <E E e-»H + E E 
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< ^.(«) E \P^'\ + ^^(«) E 1^1 < ^o(a)|7'l, (A.15) 

i 3 

where the second inequahty comes from Proposition A.l and where Fq := Fi, + Fp is difFerentiable, 
convex and decreases monotonically to zero I 

As mentioned, this proves Theorem A.l. To prove Proposition A.l we need two Lemmas and a 
Corollary. 

Lemma A.l There are convex, differentiable, monotonically decreasing functions , g^ : (ao, oo) — > 
IR+, for some Gq > 0, with liuia^oo g'^'^id) = such that for all a G a large enough, 

J2 e-^\^'\ <g\a)\M\, (A.16) 
M'eCgiM) 



for all M G Btotai{Z'^^^) and 



for all P G VtoUZ'^') ° 



J2 e-^\^'\ < gP{a)\P\. (A.17) 

P'eCp(P) 



Lemma A. 2 There are convex, differentiable, and monotonically decreasing functions f^ , f^: 
(ao, oo) — )• IR_|_, for some Gq > 0, with liuia^oo f'^'^ia) = such that for all a G a large 

enough, 

J2 e-"l^'l < /(a) |P|, (A.18) 
M'eWtiP) 

for all P G Vtotaii^'^') and 

J2 e-"l^'l < /^'(a) |M|. (A.19) 
P'eWp(M) 

for all M G Btotai{I''+') □ 

To avoid breaking the stream of the argument we postpone the proof of these Lemmas to the 
end of this Appendix. 

Corollary A.l If Lemma A. 2 holds one has: 



^ e-»l^'l<e^'(»)l^l, (A.20) 



M'ewl°*''\p) 



P G Vtotaii'^''^^), and 



^ e-»l^'l <e^^(»)l^l, (A.21) 



Important Remark: To avoid misunderstandings we stress that in (A.20), (A.21) and all 
below we will always be assuming that in the sums over all subsets M' G Wl°^'^\P) and, respectively, 
over all subsets P' G W^°^'^\M) the terms corresponding to the empty sets M' = and, respectively, 
P' = are being included □ 

Proof of Corollary A.l: 
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For (A. 20) one has, as one easily sees 

(\ m 
J2 e-""^"' <e^'(»)l^l, (A.22) 
M"eWt,(P) J 

where the factor 1/m! has been introduced to compensate overcountings and where the last inequa- 
lity follows from Lemma A. 2. We used the fact that the non-empty elements of VK^*°*"'(P) are build 
up by disjoint unions of elements of Wh{P)- Note also that m = is included in the sum over m 
because the empty set is included in the sum of the left-hand side, as already remarked. The proof 
of (A. 21) is analogous I 

Proof of Proposition A.l: 

We prove (A. 12), the proof of (A. 13) being analogous. To prove (A. 12) first note that if 7 7^ 
(P, D) then either there exists at least one connected subset of bounds Mq G 7^ with Mq G Wh{P) 
or there exists at least one co-connected subset of plaquettes Pq £ 7^ with Pq G Cp{P). Keeping 
this in mind, one can, after some thought, convince oneself that the following inequality holds: 

J2 e-"l"'l < Jc(a-ln(iV-l)) + J^(a-ln(iV-l)), (A. 23) 

77^(P,-D) 



where 



Jcia) := ^lim ^ e""!^"! ^ e""!^^! ^ e""!^^! ••• 
^°°PoeCp(P) MieFi^^'°"''(Po) Piewt°t^^Mi) 

J2 e-'^l^^l Yl e-'^l^^l (A.24) 



and 



Jw{a) := hm ^ e""!^"! ^ e'^l^^l ^ e'^l^^l ••• 
'^'^ MoeWb(p) Piew^°*^^(Mo) MieFi^^'°"''(Pi) 

J2 e-»l^^l Yl (A.25) 
Piewt°t"-'(Mi_i) Miewi°*"-'{Pi) 

The idea is the following. If, for instance, there exists a Pq G 7^ with Pq G Cp{P) then, since 7 is a 
polymer, there exists Mi G Wl°^°''{Po) contained in 7p, Pi G Wp°^°''{Mi) contained in 7^ and so on. 
Since all polymers are finite this chain has to break somewhere, what is considered in (A.24) and 
(A.25) since Mi = or Pj = 0, z, j ^ 0, are allowed to occur in the sums and since Wl°p°''{^) = 0. 
The factors [N — 1)1^"! and [N — 1)'^"', which are intrinsically present in (A.24) and (A.25) for 
a — )• a — ln(A^ — 1), as needed for the left hand side of (A. 23) are, as already observed, upper bounds 
on the number of different colourings associated to each geometric object Ma and P^ appearing in 
the sums. 

Making alternate use of (A. 20) and (A. 21) one gets: 

Jc{a) < lim Yl e-(»-^''(»))l^"l (A.26) 
^^°°PoeCp(P) 

and 

Jw{a) < lim Y e-(»-^?(»))l^"l, (A.27) 
^^'^ MoeWiiP) 
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where L^j' is defined inductively by L\^{a) = f^{a — f'^{a)), LY^-f^{a) = f^{a — fP{LY{a))), and 
analogously for L^/' with the upper indices b and p interchanged. 

Define L^^{a) = lim/^oo L^ii'^) and L^^{a) = lim/^oo L^i{a)- These functions satisfy 

L'-^{a) = f{a - ni'^ia))), U\a) = f{a - f\L^\a))). (A.28) 

Using Lemma A.l for (A. 26) and Lemma A. 2 for (A. 27), we get 

Jc{a) <g''{a.- L^^{a))\P\ (A.29) 

and 

Jw{a)< f\a- L'p\a))\P\. (A.30) 

Hence it is natural to define Fp{a) := g^{a' — L'^P{a')) + /^(a' — L'''^{a')) and, correspondingly, 
Fi{a) := g\a' - LP\a')) + fP{a' - L''P{a')), where a' := a - ln{N - 1). 

The proof of the Lemma is then finished showing that the functions gP {a — V'p {a)) ^ {a — Lp^ {a)) ^ 
g\a - LP\a)) and fP{a - L''P{a)) are, for a large enough, positive, differentiable, convex and decay 
monotonically to zero for a — )• oo. We establish this separately in Proposition A. 2 and Corollary 
A. 2 at the end I 

Proof of Lemma A.l: 

The proof of this Lemma is a standard piece of the literature of cluster expansions and relies in 
the solution of the "Konigsberger Briickenproblem" (see f.i. [12], Lemma 3.11). Let us show the 
proof of (A. 16). The proof of (A. 17) is analogous. Let bo be an arbitrary bond of M. Since there 
are \M\ such bonds we have 

oo 

J2 e"""^'' < \M\ J2 e-^l^^'l = \M\ J2 e-""|Cj")(6o)|, (A.31) 

where Cf"^(6o) := {M' G Cb{bo) such that \M'\ = m}. We can find an estimate for \Cj^'^\bo) \ in the 
following way. Starting from bo one can move through M' G Cb{bo) in a path that meets each bond 
in M' at most twice. So, one can find a geometry-dependent constant Gb,d+i (for sets of bonds 
one can choose, for instance, Gb,d+i = 2d+ 1) so that |Cf"^(6o)| < (Gfe.d+i)^", since (^6,^+1)2™ is 
the number of connected paths of length 2m starting from a fixed point. Returning to (A.31) the 
proof is completed by choosing (/^(a) := Gb,d+i e~"/(l — Gb,d+i e~") with a > lnGb,d+i- One easily 
checks that this g'^ is convex and decays monotonically to zero. For the proof of (A. 17) one has to 
replace Gb,d+i by an other constant Gp^d+i ^ 

Finest estimates for the general case of z-cells in J + 1 dimensions can be found in [1]. 

Proof of Lemma A. 2: 

This Lemma in analogous to Proposition A. 3. 3 in [1] but our proof is a little different, since we 
were not able to reproduce all estimates used in that proof for the kind of polymers we deal with 
here. In spite of this our proof seems to be simpler, although our estimates may not be optimal. 

Let us prove (A. 18), the proof of (A. 19) is analogous. We have 

00 

J2 e-»l^'l = J2 e-""|IUi"^(P)|, (A.32) 

where wi'^^^P) := {M' G Wb{P) so that \M'\ = m}. In order to find an estimate for IIU^^^P)! 
we note that if M' G Wl'^^P) then there exists at least one po P so that D{po)S{po) 7^ 0, where 
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S G (Z'^+^Y is such that suppd*S = M' with minimal {S, 8)^^^+^^. All M' G B(Z'^+i), \M' 



m 



eventually satisfying such condition for a given Pq are contained in a (d+l)-dimensional cube, Kp^-, 
of size {2mY~^^ centered at Pq. The total number of sets M' G B{Z'^~^^), \M'\ = m, contained inside 
of Kpg is bounded by {2'mY~^^{Gb,d+i Y"^ , since there are {2'mY~^^ starting points in Kp^ for a path 
of length 2m in Z'^+i and since there are at most [Gb,d+iY"^ such paths for a fixed starting point 
(see proof of Lemma A.l). Hence |VK5™^(P)| < \P\{2mY~^^ [Gb, d+iY"^ ^ factor \P\ coming from 
the fact that there are \P\ possible choices for po. Therefore, choosing a > lnGb,d+i^ 

oo 

J2 e-»l^'l < \P\ 2^+^ J2 ("^)'+'e-=" = \P\ 2''+'{-lY+'h^b'^'\c), (A.33) 

M'eWtiP) m=0 

where c = a — ln{Gb,d+i), hb{c) = e~^/(l — e~^) and /i^^ is the A;-th derivative of hb. 

Defining Hb^k{c) = ( — l)'^/ip^(c) we complete the proof of the Lemma showing that the function 
Hb^k- IR+ — ^ is, for all A; G N, positive, convex, monotonically decreasing with limc^oo P[b,k{c) = 0. 
But this is clear since Hb^k{c) = J2m=i''^^^~'^"^ ^ ^ ^^'^ t)y the definition {Hb^k)' = 

{ — l)Hb^k+i < and (Hb^k)" = P[b,k+2 > 0. The fact that limc^oo P[b,k{c) = follows from 

i?6,fc(c) = + f; (m + l)'=e-=") , (A.34) 

V m = l / 

which implies, using m + 1 < 2m, i^c, fc(c) < e~^/(l — 2^e~'^) for c large enough. The proof of the 
Lemma is then completed by choosing = Hb^ d+i ^ 

Let us now complete the details for the proof of Proposition A.l. 

Proposition A. 2 The functions L^^^^a) and L'''^{a) are positive, differentiable, convex and decay 
monotonically to zero for a — )• oo □ 

Proof: We will proof the Proposition for L'^p , the proof for L^^^ is identical. To simplify the 
notation we call L{a) := (a) and h{a) := a - fP{L''P{a)). By (A. 28), L = oh. 

First note that, since /'^ is bounded, lima^oo h{a) = oo. Hence lima^oo L{a) = lima^oo f^{h{a)) = 
0. Now L' = ((/^)' oh)-h' and since h' = 1 - ((/^)' o L) ■ L' one gets 

- 1 + ((f)' o /.).((/.)' o Z) < ° ^^-^^^ 

since {f^y < and (/f )' < 0. Analogously L" = ((/^)" o h) ■ {h'Y + ((/^)' o h) ■ h" and using the 
fact that h" = -((/^)" o L) ■ {L'Y - ((/^)' o L) ■ L" one gets 

, {{fr o h) • {h'Y - {{fy o h) • {{fr o l) • {vy ^ . ..... 

1 + ((f)'o /.).((/.)' oZ) >° ^^-^^^ 

since {f^y < 0, {fPy < 0, (/^)" > and (/f )" > ■ 

Corollary A. 2 The functions g\a - LP\aY, fP{a - L''P{aY, gP{a - L^P{ay) and f\a - LP\aY are 
positive, differentiable, convex and decay monotonically to zero for a — )• oo □ 

Proof: We establish this for G{a) := gP{a — L^P{aY. The proof for the other cases is identical. 
Define k{a) := a — L^P{a). Since L^P is bounded, lima^oo G'(a) = YirHa^oo 9^ {k{(iY ~ 0- Now 
G' = {{gPy o k) ■ k' = {{gPy o k) ■ [1 - L'). Since, by the previous Proposition, L' < and [gPy < 
one concludes G' < 0. Analogously one has G" = {{g^y o k) ■ (k'Y — {{d^y ° k) ■ L" > 0, since 
L" > 0, by the previous Proposition, and {gPy > 0, {gPy < 0. 

With this, the proof of Proposition A.l is now complete I 
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B Classical Duality Transformations and the Proof of Theo- 
rem 5.2. 



This Theorem has been first proven for the Z2 case in [8] using polymer expansions. 

Let us first study duahty transformation for the classical expectations of the Zjv-Higgs model. 
Let us consider the sets of oriented 1- and 2-cells in Z"^, which we call li and /2, respectively. Let us 
define a geometric duality map 6 between li and I2 mapping oriented bonds in oriented plaquettes 
an oriented plaquettes in oriented bonds as described in Figure 5. These transformations can be 




Figure 5: The geometric duality transformations 6 acting on oriented bonds and plaquettes. 



described in words in the following way. Considering the cells as points in Z"^/2 the transformation 6 
translates the cells by (1/2, 1/2, 1/2) and reverses their orientation. The transformation 6 induces 
naturally a transformation between 1- and 2-forms. Let P and P be the linear spaces of 1- and 
2-forms on Z"^, respectively, with finite support. Define 

V:P^P: V{a){p) := «(%)), 

V:P ^l^ : V{fi){h) := a{8{h)), (B.l) 

for all a G /3 G and all 6 G /i, p G /2- Note that 8 and D are invertible and that 8"^ is a 
translation by (1,1,1) in /i and 12- 

The following important relations can be established: 

on Z^: Vod = d*oV, 

onP: Vod* = doV. (B.2) 
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This in particular means that, if a G /3 G P satisfy d*a = and djS = 0, then d[T> ^a) = and 
d*{T>~^ fi) = 0. With this we are able to establish the 

Proposition B.l With the definitions above and for all a G /3 G P, 

{B{a, ^))y = (5(1)-^, (B.3) 

where the prime denotes the previously discussed duality transformation on functions of the coup- 
lings, and V* = V + (1/2, 1/2, 1/2) □ 

Proof. This Proposition follows directly from (4.18) using also the fact that, for a G /3 G 
with d*a = and djS = 0, then [/3 : a] = [D~^a : T>~^l3]^ which, in turn, comes from the fact that 
(a, 7); = {T>a^ ^7)/ 5 with a, 7 G from the symmetry of this scalar product and from relations 
(B.2)i 

If 7 G 1 is a 1-form defined in we denote by 7^ the embedding of 7 in l^ defined in the 
following way: if 6 G /i is a space-like bond at Euclidean time n ^TL then 7ra(&) := 7(-26), £ ^1 
being the projection of h on the time-zero hyperplane. Otherwise 7ra(&) = 0. In words: 7^ is a copy 
of 7 at time n. For such a 7 and a ^ Ti one can also associate an element 7a,a-i-i £ l^ in the following 
way: if p G /2 is a time-like plaquette spanned by the oriented space-like bonds ba and 6a-i-i, at 
Euclidean times a and a -|- 1 G Z, respectively, then ^fa,a+i{p) '■= ^{{^ba)) (note that zj,^ = —Zb^_^^). 
Otherwise we define ^fa,a+i{p) '■= 0. Using Definition 5.1 we can establish the following two facts: 

^"^(70) = (*7)-i,o, 
^"'(70,1) = -(*7)o. (B.4) 

Now we are able to complete our task. Without loss we consider an element of Q3o of the form 
A := U3{^f) l3* ~^ [Ui{6))\ where 7 and 6 are 1-forms with finite support in Z^. Eor such operators one 
has o A(A) = /3*-^([/i(*7))a,([/3(-(*,5))). We have to show that cuo(A')' = cuq o o A(A), 

{[Ary = {w*-'oA{A)r). (b.5) 

Eor the classical functions we have [A'Y' = i?(— 70, and o A{A)Y' = B{{*S)i, — (*7)o,i)- 

In face of (4.20), (B.3) and (B.4) the proof is completed if the classical expectations have a unique 
translation invariant thermodynamic limit, what can be proven, for instance, in the convergence 
region of the polymer and cluster expansions I 

C Proof of Theorem 6.2. 

In order to prove Theorem 6.2 notice first that the equalities 

(C.l) 
(C.2) 

(C.3) 
(C.4) 
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/«3( 
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follow trivialy from the definitions. Above V} is simply V_ translated of ( — f, — f)- Using polymer 
expansions we will prove that the left hand side of both (C.f) and (C.2) converge to the factor 
e N and that the left hand side of both (C.3) and (C.4) converge to f. 
Case (C.l). 

This first case has to be analyzed with more detail because its proof differs slightly from that 
of the simple Z2 found in [f], due to some additional effects present in the Zjv case. 



First consider iOo{^ {V_)). The classical function associated to $ (V) i 



IS 



n 



g{du{p) - 1] 



n 



1/2 



g{du{p)) 0) V ^[h]{u{b)) 



(C.5) 



where b G n) is the set of bonds 6*V_ placed at Euclidean time n and Ps*v_ is the set of 

plaquettes spanned by {S*\^^ 0) and {S*\^^ 1). Introducing this function in the expectation values 
we get 



cuo($^(v:)) 



HiO) 



\5*V\ 



Dev^ Eev^ 

d(D-Py) = d*E=0 



n 9{mp)) 

pGSuppD 



n h{{Em 

!)esupp_E;\(5*j/,o) 



n hsimc)) 

,ce(5*j/,o) 



(C.6) 



where fiv_ is the closed two form which takes the value —I on Ps*v_ and hs{n) := H[n)/H[0)^ with 

H{n) := J'-^[H^H,]{n) (C.7) 

and 



H,{m) := {:F[h]{m-l)fl\ 
H2{m) := {J^[h]{m)y/\ 



(C.8) 
(C.9) 



Repeating the steps which led to (4.23) we get 



;$^(]/)) = i7(0)l^-^lexpf E crK^^/5-/)l 

\regrjus / 



(CIO) 



where 



/^5(7) 



8 = 1 



n 9{D]{p)) 

pep-' 




n h{E]m 

beMj\(S*V,0) 



n hs{E]{c)) 
ce(s*v,o) 



(c.ii; 



First we have to show that (CIO) makes sense. For that we have to prove that \\fis\\ can be chosen 
small and for this it is enough to prove that hs{m), for m 7^ 0, can be chosen small. This is the 
content of the following Lemma. 
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Lemma C.l For the function hs defined above one has 



, . . Sm,o + c(m) 

hsim) = -Y^^, (C.12) 

where c[m), m = 0, . . . , — 1, are analytical functions of . . . , /i(A^ — 1) and converge to zero 
when \h\ := max{|/i(l)|, . . . , \h[N — 1)|} goes to zero □ 

Remark: In the case one has hs{n) = 6n,o n 

Proof. Since h{0) = 1 one has {J^[h]{n)y^^ = N'^l^ + a(n), where a(n), n = 0, . . . , iV - 1, 
are analytical functions of hil), . . . , /i(A^ — 1) and go to zero for \h\ — )• 0. In this way we can write 
Hi{n)H2{n) = iV"^ + where b is again analytical and goes to zero for \h\ — )• 0. Therefore, if we 
compute the Fourier transform of we get H{n) = N-^l^{8n,o + c(n)), where c is analytical 

and converges to zero for — )• H 

If we now compute /Uo($^(l£)) we get 



= to : a;] exp cr .(F. r. , (C.l:i) 



where 

Kr, r, y) := a^„65^/.^ - a^„/ - fej^/.^ + /. (C.14) 

Above we used a simplified notation and called a„ for a0^„ and bp for bij^jj. 

For r large enough one can conclude after a careful inspection that the only clusters for which 
'^(r, Y.) is non-zero are those which simultaneously have polymers with a non-trivial winding 
number with a" and polymers which have either a non-trivial winding number with fiv_ or have 
bonds contained in {6*V_, 0) or both. Since such F's are clusters their size has to be at least 
dist (i?'', {S*V_, 0)). By (A. 3) their contribution disappears after taking the limits r — )• 00 and 
V_ I Z'', in this order. The factor : remains and equals e n . This proves (6.37) I 

Case (C.2). 

This case is simpler. Using the fact that LO2 = lo'q and using (6.48) we write the left hand side 
of (C.2) as 

Jim : ay\ exp ( ^ cr [al/L^^ - a^^ - b%^ + l) A , (C.15) 

where ay is a closed 1-form and takes values ±1 on its support (which is a closed loop). By 

an analogous argumentation to the previous case one sees that the sum over clusters converges to 
zero and we get the final factor from [— : ayj I 
Case (C.3). 

For the left hand side of (C.3) we have 

Jim exp cr (a^X? " ««y " + l) / , (C.16) 

which analogously converges to 1 H 
Case (C.4). 
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For this case we have to deal with 



where 

which analogously converges to 1 



lim exp ^ cr C(r, r, V_) 



C(r, r, y) := fe^^nfej^/i'^ - fe^^n/i'^ - 65^/5 + /i'^, 



(C.17) 



(C.18) 



D Finishing the Proof of Proposition 8.2. 



We want to show that 



(^p+i(iL^o)^p'+i(i^- 



converges to one when the limits p', p — )• oo are taken. There are many ways to show this fact using 
cluster expansions. The one we present is perhaps the quickest. In terms of cluster expansions the 
expression above is give by the limit r — )• oo of 



r / 



1 V- r 







t = 



t = 



:d.21 
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where in the figure above we represented schematically the terms corresponding to winding numbers 
of cluster with respect to four loops. The limit r, presents no difficulties. As for the limits and 
p — )• oo, we argument as follows. The contributions of the clusters incompatible with the boxes 
Vi and V2 in the first and second loops are canceled by the corresponding ones incompatible with 
the boxes V3 = Vi — (f , 0, 0) and V4 = V2 + (f , 0, 0) of the third and fourth loops, except for some 
cluster which are simultaneously incompatible with, say, Vi and V2 and for this reason have sizes 
larger than p. Other clusters are either canceled exactly or have sizes larger than p. Hence, the 
expression above converges quickly to f H 
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